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Abstract
We construct an analytic formula of Green’s function for the Laplace-Beltrami operator
on surfaces with a non-trivial Killing vector field, which contain all surfaces of revolution.
To represent the function, we explicitly build a chart which is defined on the whole space
except for at most two points, where the metric is represented by one positive function and
where the Killing vector field is represented as a constant vector field preserving this positive
function. In this construction, we immediately obtain the formula for a given surface with
a Killing vector field by solving the geodesic equations. As applications, we show that the
logarithm of the speed and the pressure of the Killing vector field as a steady solution of
the Euler equations is equal to the convolution of a hydrodynamic Green’s function and
the Gaussian curvature and twice that up to a harmonic function. Moreover, we see that a
similar relation holds for a potential vector field on general curved surfaces. As an example,
we apply the formula to surfaces of revolution.
1 Introduction
Practical constructions of the Green’s function for the Laplacian in a domain as well as
on a curved surface are required in engineering, physics and mathematical science such
as fluid dynamics, electrostatics, potential theory, numerical analysis. When we seek to
gain deep insight, we need detailed information about the Green’s function. In this reason,
researchers make their best endeavor to get an analytic and computable formula of the
Green’s function.
In the theory of fluid dynamics on curved surfaces, the Green’s function plays a central
role since every velocity field of two-dimensional incompressible and inviscid fluid flows is
obtained by using the convolution of the vorticity and a special Green’s function, called
hydrodynamic Green’s function. Thanks to the invariance of the vorticity along a fluid parti-
cles, discretizing an initial vorticity distribution with a liner combination of delta functions,
called point vortices, we can treat the velocity field as a finite-dimensional Hamiltonian vec-
tor field whose the Hamiltonian is consisted of the hydrodynamic Green’s function and the
regularized Green’s function by the geodesic distance. Moreover, a level curve of a hydro-
dynamic Green’s function is equivalent to the orbit of a fluid particle with a single point
vortex. The general reference here is [21]. With the availability of an explicit formula or an
approximate solution of the hydrodynamic Green’s function on a curved surface, it becomes
possible to research the dynamics of point vortices there in details. For reference, here are
many examples of such surfaces: a sphere [11], a hyperbolic disc [10], multiply connected
domains [28], a cylinder [17], a flat torus [29], the Bolza surface [24], surfaces of revolution
diffeomorphic to the plane [8], the sphere [4] and the torus [26]. Explicit formulae of the
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hydrodynamic Green’s function are of fundamental importance in many physical applica-
tions, for example, a model of geophysical flows [20], ocean flows with many islands [19], a
mathematical model of quantized vortices on a torus in a superfluid films [2].
How the geometric properties of flow field affect vortex evolutions is currently a problem
of physical importance as well as of theoretical interest. There are similar dynamical be-
haviors of vortex evolution among different surfaces, for instance, the motion of two point
vortices [10] and the stability of a polygonal ring configuration of N point vortices, called
N -ring [18] in a plane, on a sphere and a hyperbolic disc. On the other hand, a feature
of the linear stability of the N -ring qualitatively changes with a one-parameter family of
toroidal surfaces [27], which implies we can not always expect some similarly in the dy-
namical property of vortex evolution even if the surfaces are of the same type. It is of a
theoretical interest to understand how a dynamical property of vortex evolution is universal
among multiple surfaces and how these surfaces are geometrically characterized. We cannot
solve these problems as long as we individually investigate the dynamics of vortex evolution
on a concrete surface since we cannot judge whether a dynamical property is attributable
to a geometric one inherent in the surface or common in some surfaces.
The purpose of the present paper is to establish an analytic formula of fundamental ob-
jects for investigating vortex dynamics on surfaces such as hydrodynamic Green’s function
and a suitable chart to understand how the geometric structure affect dynamics towards
constructing a unified theory of vortex dynamics on surfaces standing on a hypothesis
with mathematical and physical significance. In this paper, we assume the existence of a
non-trivial Killing vector field to satisfy the no-normal condition on the boundary as the
hypothesis. The Killing vector field is an important object in physics as a generalization of
the uniform flow in the plane since both of them are steady solutions of the Euler equations
and preserves the metric of the surface. The uniform flow and associated flows are basic
research objects in fluid mechanics. Two uniform flows with different speed separated by a
transitional region induce a shear flow, which is observed past an obstacle in nature. When
the thickness of the transitional region is sufficiently small, the shear flow is called a vortex
sheet, which is used as a simple model in order to understand turbulent shear layers. In
mathematical analysis of incompressible and viscid fluids in a curved thin domain, a classi-
fication of the Killing vector fields and surfaces with them is a critical problem in order to
use the Korn-Poincare´ inequality [13] since it is also a steady solution of the Navier-Stokes
equations on Riemannian manifolds derived by Taylor [25].
The Killing vector field becomes a key instrument as a generator of an isometric ac-
tion in geometry such as representation theory, group actions, foliations and dynamical
systems [1]. The existence of a non-trivial Killing vector field is a basic assumption in
theoretical analysis of differential equations on (semi-)Riemannian manifolds based on an
exact solution. For instance, this assumption is used in general relativity to construct an
exact solution of the Einstein equations [5]. In this paper, we do not assume surfaces are
always isometrically embedded in the 3-dimensional Euclidean space for an application to
fluid dynamics on surfaces isometrically embedded in a spacetime which is not Euclidean
space. Thanks to the existence, we can deduce a first integral for all isometrically invariant
Hamiltonian systems [16], which include the dynamical system of point vortices. Moreover,
an isometric action is effectively used to find relative equilibria [15]. It is worth noting that
this assumption provides a unified framework for treating previous researches on dynamics
of point vortices on surfaces of revolution [8, 4, 26] and flat surfaces [29, 11, 10, 17, 28] as
examples of surfaces with the existence of the Killing vector field.
To obtain an analytic formula of the hydrodynamic Green’s function on a surface with
the Killing vector field, we need to construct a preferable chart from a practical point of
view. Concretely speaking, we impose four requirements which the chart satisfies: (1) The
chart is explicitly constructed by a computable way, (2) The domain of the chart is wide,
(3) The number of functions to give coordinate representation of the metric of the surface
in the chart is least and (4) The Killing vector field is briefly represented in the chart.
The reason to impose (1) is clear from the above mentioned. If the domain is narrow, it
is difficult to check a global structure of surfaces by using such a chart. Furthermore, we
have to swap charts in numerical computation as often as the domain which we focus on
2
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X
<latexit sha1_base64="Hck4qHLjKP9OV0NJp/vsAutYhHE=">AAACYnichVE9S8NQFD2NX7V+tXYRdBCL4lRuRFCcCi6O/bA foKUk8anBNAlJWtAiOOuqODgpKIg/w8U/4NDdRRwruDh4kxRERb0h75133j33nXefahu66xG1I1JPb1//QHQwNjQ8MjoWT4yXXKvhaKKoWYblVFTFFYZuiqKne4ao2I5Q6qohyureqr9fbgrH1S1z3du3RbWu7Jj6tq4pHlO5Si2eojQFMf0TyF2QQjeyVvwGm9iC BQ0N1CFgwmNsQIHL3wZkEGzmqmgx5zDSg32BQ8RY2+AswRkKs3s87vBqo8uavPZruoFa41MM/h1WTmOWHumWOvRAd/RM77/WagU1fC/7PKuhVti1seOJwtu/qjrPHnY/VX969rCN5cCrzt7tgPFvoYX65sF5p7CSn23N0RW9sP9LatM938BsvmrXOZG/4PbL35v9 E5QW0jKl5dxiKpM5Ch8iiknMYJ67vYQM1pBFkU8VOMEpziJPUkxKSMkwVYp0Hy+JLyFNfQDe6opB</latexit><latexit sha1_base64="Hck4qHLjKP9OV0NJp/vsAutYhHE=">AAACYnichVE9S8NQFD2NX7V+tXYRdBCL4lRuRFCcCi6O/bA foKUk8anBNAlJWtAiOOuqODgpKIg/w8U/4NDdRRwruDh4kxRERb0h75133j33nXefahu66xG1I1JPb1//QHQwNjQ8MjoWT4yXXKvhaKKoWYblVFTFFYZuiqKne4ao2I5Q6qohyureqr9fbgrH1S1z3du3RbWu7Jj6tq4pHlO5Si2eojQFMf0TyF2QQjeyVvwGm9iC BQ0N1CFgwmNsQIHL3wZkEGzmqmgx5zDSg32BQ8RY2+AswRkKs3s87vBqo8uavPZruoFa41MM/h1WTmOWHumWOvRAd/RM77/WagU1fC/7PKuhVti1seOJwtu/qjrPHnY/VX969rCN5cCrzt7tgPFvoYX65sF5p7CSn23N0RW9sP9LatM938BsvmrXOZG/4PbL35v9 E5QW0jKl5dxiKpM5Ch8iiknMYJ67vYQM1pBFkU8VOMEpziJPUkxKSMkwVYp0Hy+JLyFNfQDe6opB</latexit><latexit sha1_base64="Hck4qHLjKP9OV0NJp/vsAutYhHE=">AAACYnichVE9S8NQFD2NX7V+tXYRdBCL4lRuRFCcCi6O/bA foKUk8anBNAlJWtAiOOuqODgpKIg/w8U/4NDdRRwruDh4kxRERb0h75133j33nXefahu66xG1I1JPb1//QHQwNjQ8MjoWT4yXXKvhaKKoWYblVFTFFYZuiqKne4ao2I5Q6qohyureqr9fbgrH1S1z3du3RbWu7Jj6tq4pHlO5Si2eojQFMf0TyF2QQjeyVvwGm9iC BQ0N1CFgwmNsQIHL3wZkEGzmqmgx5zDSg32BQ8RY2+AswRkKs3s87vBqo8uavPZruoFa41MM/h1WTmOWHumWOvRAd/RM77/WagU1fC/7PKuhVti1seOJwtu/qjrPHnY/VX969rCN5cCrzt7tgPFvoYX65sF5p7CSn23N0RW9sP9LatM938BsvmrXOZG/4PbL35v9 E5QW0jKl5dxiKpM5Ch8iiknMYJ67vYQM1pBFkU8VOMEpziJPUkxKSMkwVYp0Hy+JLyFNfQDe6opB</latexit><latexit sha1_base64="Hck4qHLjKP9OV0NJp/vsAutYhHE=">AAACYnichVE9S8NQFD2NX7V+tXYRdBCL4lRuRFCcCi6O/bA foKUk8anBNAlJWtAiOOuqODgpKIg/w8U/4NDdRRwruDh4kxRERb0h75133j33nXefahu66xG1I1JPb1//QHQwNjQ8MjoWT4yXXKvhaKKoWYblVFTFFYZuiqKne4ao2I5Q6qohyureqr9fbgrH1S1z3du3RbWu7Jj6tq4pHlO5Si2eojQFMf0TyF2QQjeyVvwGm9iC BQ0N1CFgwmNsQIHL3wZkEGzmqmgx5zDSg32BQ8RY2+AswRkKs3s87vBqo8uavPZruoFa41MM/h1WTmOWHumWOvRAd/RM77/WagU1fC/7PKuhVti1seOJwtu/qjrPHnY/VX969rCN5cCrzt7tgPFvoYX65sF5p7CSn23N0RW9sP9LatM938BsvmrXOZG/4PbL35v9 E5QW0jKl5dxiKpM5Ch8iiknMYJ67vYQM1pBFkU8VOMEpziJPUkxKSMkwVYp0Hy+JLyFNfQDe6opB</latexit>
Vi
<latexit sha1_base64="vovdccQFrPBl95cyt2/zSaqtIoQ=">AAACZHichVG7SgNBFD1ZX/EdDYIgSDAoVuGuCIpVwMZSjXl ADGF3HeOQfbG7CWgQrAVbLawUFMTPsPEHLPwBQSwj2Fh4swmIinqXnTlz5p47Z+7orin9gOgxonR19/T2RfsHBoeGR0ZjY+M536l5hsgajul4BV3zhSltkQ1kYIqC6wnN0k2R16urrf18XXi+dOytYN8VJUur2HJXGlrAVCZXluVYklIURuInUDsgiU6sO7FrbGMH DgzUYEHARsDYhAafvyJUEFzmSmgw5zGS4b7AIQZYW+MswRkas1UeK7wqdlib162afqg2+BSTf4+VCczSA91Qk+7plp7p/ddajbBGy8s+z3pbK9zy6PFk5u1flcVzgL1P1Z+eA+xiOfQq2bsbMq1bGG19/eCsmVnZnG3M0SW9sP8LeqQ7voFdfzWuNsTmObdf/d7s nyC3kFIppW4sJtPpo/ZDRDGFGcxzt5eQxhrWkeVTKzjBKc4iT8qQElcm2qlKpPN4cXwJZfoDtUWLGw==</latexit><latexit sha1_base64="vovdccQFrPBl95cyt2/zSaqtIoQ=">AAACZHichVG7SgNBFD1ZX/EdDYIgSDAoVuGuCIpVwMZSjXl ADGF3HeOQfbG7CWgQrAVbLawUFMTPsPEHLPwBQSwj2Fh4swmIinqXnTlz5p47Z+7orin9gOgxonR19/T2RfsHBoeGR0ZjY+M536l5hsgajul4BV3zhSltkQ1kYIqC6wnN0k2R16urrf18XXi+dOytYN8VJUur2HJXGlrAVCZXluVYklIURuInUDsgiU6sO7FrbGMH DgzUYEHARsDYhAafvyJUEFzmSmgw5zGS4b7AIQZYW+MswRkas1UeK7wqdlib162afqg2+BSTf4+VCczSA91Qk+7plp7p/ddajbBGy8s+z3pbK9zy6PFk5u1flcVzgL1P1Z+eA+xiOfQq2bsbMq1bGG19/eCsmVnZnG3M0SW9sP8LeqQ7voFdfzWuNsTmObdf/d7s nyC3kFIppW4sJtPpo/ZDRDGFGcxzt5eQxhrWkeVTKzjBKc4iT8qQElcm2qlKpPN4cXwJZfoDtUWLGw==</latexit><latexit sha1_base64="vovdccQFrPBl95cyt2/zSaqtIoQ=">AAACZHichVG7SgNBFD1ZX/EdDYIgSDAoVuGuCIpVwMZSjXl ADGF3HeOQfbG7CWgQrAVbLawUFMTPsPEHLPwBQSwj2Fh4swmIinqXnTlz5p47Z+7orin9gOgxonR19/T2RfsHBoeGR0ZjY+M536l5hsgajul4BV3zhSltkQ1kYIqC6wnN0k2R16urrf18XXi+dOytYN8VJUur2HJXGlrAVCZXluVYklIURuInUDsgiU6sO7FrbGMH DgzUYEHARsDYhAafvyJUEFzmSmgw5zGS4b7AIQZYW+MswRkas1UeK7wqdlib162afqg2+BSTf4+VCczSA91Qk+7plp7p/ddajbBGy8s+z3pbK9zy6PFk5u1flcVzgL1P1Z+eA+xiOfQq2bsbMq1bGG19/eCsmVnZnG3M0SW9sP8LeqQ7voFdfzWuNsTmObdf/d7s nyC3kFIppW4sJtPpo/ZDRDGFGcxzt5eQxhrWkeVTKzjBKc4iT8qQElcm2qlKpPN4cXwJZfoDtUWLGw==</latexit><latexit sha1_base64="vovdccQFrPBl95cyt2/zSaqtIoQ=">AAACZHichVG7SgNBFD1ZX/EdDYIgSDAoVuGuCIpVwMZSjXl ADGF3HeOQfbG7CWgQrAVbLawUFMTPsPEHLPwBQSwj2Fh4swmIinqXnTlz5p47Z+7orin9gOgxonR19/T2RfsHBoeGR0ZjY+M536l5hsgajul4BV3zhSltkQ1kYIqC6wnN0k2R16urrf18XXi+dOytYN8VJUur2HJXGlrAVCZXluVYklIURuInUDsgiU6sO7FrbGMH DgzUYEHARsDYhAafvyJUEFzmSmgw5zGS4b7AIQZYW+MswRkas1UeK7wqdlib162afqg2+BSTf4+VCczSA91Qk+7plp7p/ddajbBGy8s+z3pbK9zy6PFk5u1flcVzgL1P1Z+eA+xiOfQq2bsbMq1bGG19/eCsmVnZnG3M0SW9sP8LeqQ7voFdfzWuNsTmObdf/d7s nyC3kFIppW4sJtPpo/ZDRDGFGcxzt5eQxhrWkeVTKzjBKc4iT8qQElcm2qlKpPN4cXwJZfoDtUWLGw==</latexit>
(s, t)
<latexit sha1_base64="5NVgjcZceBPob6GCW09L5+LVdPw=">AAACZnichVFNS8NAEH2N319tVUTBS7EoFaRMRFA8Fbx4tNW qoCJJ3NbFNAnJtqBF8OzFo4onBQXxZ3jxD3jwHygeFbx4cJoWREWdkN23b+fNvp01PVsGiughojU1t7S2tXd0dnX3RGPx3r7lwC37lshbru36q6YRCFs6Iq+kssWq5wujZNpixdyZq+2vVIQfSNdZUrue2CgZRUcWpGUopvKpYEKNb8aTlKYwEj+B3gBJNGLBjV9h HVtwYaGMEgQcKMY2DAT8rUEHwWNuA1XmfEYy3BfYRydry5wlOMNgdofHIq/WGqzD61rNIFRbfIrNv8/KBEbpnq7phe7ohp7o/dda1bBGzcsuz2ZdK7zN2OHQ4tu/qhLPCtufqj89KxQwE3qV7N0LmdotrLq+snf8sjibG62O0QU9s/9zeqBbvoFTebUusyJ3xu3X vzf7J1ieTOuU1rNTyUzmoP4Q7RjGCFLc7WlkMI8F5PlUiSOc4DTyqEW1AW2wnqpFGo/Xjy+hJT4AjUiLdQ==</latexit><latexit sha1_base64="5NVgjcZceBPob6GCW09L5+LVdPw=">AAACZnichVFNS8NAEH2N319tVUTBS7EoFaRMRFA8Fbx4tNW qoCJJ3NbFNAnJtqBF8OzFo4onBQXxZ3jxD3jwHygeFbx4cJoWREWdkN23b+fNvp01PVsGiughojU1t7S2tXd0dnX3RGPx3r7lwC37lshbru36q6YRCFs6Iq+kssWq5wujZNpixdyZq+2vVIQfSNdZUrue2CgZRUcWpGUopvKpYEKNb8aTlKYwEj+B3gBJNGLBjV9h HVtwYaGMEgQcKMY2DAT8rUEHwWNuA1XmfEYy3BfYRydry5wlOMNgdofHIq/WGqzD61rNIFRbfIrNv8/KBEbpnq7phe7ohp7o/dda1bBGzcsuz2ZdK7zN2OHQ4tu/qhLPCtufqj89KxQwE3qV7N0LmdotrLq+snf8sjibG62O0QU9s/9zeqBbvoFTebUusyJ3xu3X vzf7J1ieTOuU1rNTyUzmoP4Q7RjGCFLc7WlkMI8F5PlUiSOc4DTyqEW1AW2wnqpFGo/Xjy+hJT4AjUiLdQ==</latexit><latexit sha1_base64="5NVgjcZceBPob6GCW09L5+LVdPw=">AAACZnichVFNS8NAEH2N319tVUTBS7EoFaRMRFA8Fbx4tNW qoCJJ3NbFNAnJtqBF8OzFo4onBQXxZ3jxD3jwHygeFbx4cJoWREWdkN23b+fNvp01PVsGiughojU1t7S2tXd0dnX3RGPx3r7lwC37lshbru36q6YRCFs6Iq+kssWq5wujZNpixdyZq+2vVIQfSNdZUrue2CgZRUcWpGUopvKpYEKNb8aTlKYwEj+B3gBJNGLBjV9h HVtwYaGMEgQcKMY2DAT8rUEHwWNuA1XmfEYy3BfYRydry5wlOMNgdofHIq/WGqzD61rNIFRbfIrNv8/KBEbpnq7phe7ohp7o/dda1bBGzcsuz2ZdK7zN2OHQ4tu/qhLPCtufqj89KxQwE3qV7N0LmdotrLq+snf8sjibG62O0QU9s/9zeqBbvoFTebUusyJ3xu3X vzf7J1ieTOuU1rNTyUzmoP4Q7RjGCFLc7WlkMI8F5PlUiSOc4DTyqEW1AW2wnqpFGo/Xjy+hJT4AjUiLdQ==</latexit><latexit sha1_base64="5NVgjcZceBPob6GCW09L5+LVdPw=">AAACZnichVFNS8NAEH2N319tVUTBS7EoFaRMRFA8Fbx4tNW qoCJJ3NbFNAnJtqBF8OzFo4onBQXxZ3jxD3jwHygeFbx4cJoWREWdkN23b+fNvp01PVsGiughojU1t7S2tXd0dnX3RGPx3r7lwC37lshbru36q6YRCFs6Iq+kssWq5wujZNpixdyZq+2vVIQfSNdZUrue2CgZRUcWpGUopvKpYEKNb8aTlKYwEj+B3gBJNGLBjV9h HVtwYaGMEgQcKMY2DAT8rUEHwWNuA1XmfEYy3BfYRydry5wlOMNgdofHIq/WGqzD61rNIFRbfIrNv8/KBEbpnq7phe7ohp7o/dda1bBGzcsuz2ZdK7zN2OHQ4tu/qhLPCtufqj89KxQwE3qV7N0LmdotrLq+snf8sjibG62O0QU9s/9zeqBbvoFTebUusyJ3xu3X vzf7J1ieTOuU1rNTyUzmoP4Q7RjGCFLc7WlkMI8F5PlUiSOc4DTyqEW1AW2wnqpFGo/Xjy+hJT4AjUiLdQ==</latexit>
(s, 0)
<latexit sha1_base64="MzJA4AmjmtMQ0+P7TapOCCo6/ZQ=">AAACZnichVFNS8NAEH2N3/WjVREFL8WiKEiZiKB4KnjxaFu rhVpKElddmiYhSQu1CJ69eFTxpKAg/gwv/gEP/gPFo4IXD07TgqioE7L79u282bezumNKzyd6CClt7R2dXd094d6+/oFIdHBo3bMrriGyhm3abk7XPGFKS2R96Zsi57hCK+um2NBLy439japwPWlba37NEYWytmPJbWloPlPZaW+WZorROCUoiNhPoLZAHK1YtaNX 2MQWbBiooAwBCz5jExo8/vJQQXCYK6DOnMtIBvsC+wiztsJZgjM0Zks87vAq32ItXjdqeoHa4FNM/l1WxjBJ93RNL3RHN/RE77/Wqgc1Gl5qPOtNrXCKkcOxzNu/qjLPPnY/VX969rGNxcCrZO9OwDRuYTT11b3jl8xSerI+RRf0zP7P6YFu+QZW9dW4TIn0Gbdf /d7sn2B9LqFSQk3Nx5PJg+ZDdGMcE5jmbi8giRWsIsunShzhBKehR2VAGVFGm6lKqPV4w/gSSuwDBYyLMQ==</latexit><latexit sha1_base64="MzJA4AmjmtMQ0+P7TapOCCo6/ZQ=">AAACZnichVFNS8NAEH2N3/WjVREFL8WiKEiZiKB4KnjxaFu rhVpKElddmiYhSQu1CJ69eFTxpKAg/gwv/gEP/gPFo4IXD07TgqioE7L79u282bezumNKzyd6CClt7R2dXd094d6+/oFIdHBo3bMrriGyhm3abk7XPGFKS2R96Zsi57hCK+um2NBLy439japwPWlba37NEYWytmPJbWloPlPZaW+WZorROCUoiNhPoLZAHK1YtaNX 2MQWbBiooAwBCz5jExo8/vJQQXCYK6DOnMtIBvsC+wiztsJZgjM0Zks87vAq32ItXjdqeoHa4FNM/l1WxjBJ93RNL3RHN/RE77/Wqgc1Gl5qPOtNrXCKkcOxzNu/qjLPPnY/VX969rGNxcCrZO9OwDRuYTT11b3jl8xSerI+RRf0zP7P6YFu+QZW9dW4TIn0Gbdf /d7sn2B9LqFSQk3Nx5PJg+ZDdGMcE5jmbi8giRWsIsunShzhBKehR2VAGVFGm6lKqPV4w/gSSuwDBYyLMQ==</latexit><latexit sha1_base64="MzJA4AmjmtMQ0+P7TapOCCo6/ZQ=">AAACZnichVFNS8NAEH2N3/WjVREFL8WiKEiZiKB4KnjxaFu rhVpKElddmiYhSQu1CJ69eFTxpKAg/gwv/gEP/gPFo4IXD07TgqioE7L79u282bezumNKzyd6CClt7R2dXd094d6+/oFIdHBo3bMrriGyhm3abk7XPGFKS2R96Zsi57hCK+um2NBLy439japwPWlba37NEYWytmPJbWloPlPZaW+WZorROCUoiNhPoLZAHK1YtaNX 2MQWbBiooAwBCz5jExo8/vJQQXCYK6DOnMtIBvsC+wiztsJZgjM0Zks87vAq32ItXjdqeoHa4FNM/l1WxjBJ93RNL3RHN/RE77/Wqgc1Gl5qPOtNrXCKkcOxzNu/qjLPPnY/VX969rGNxcCrZO9OwDRuYTT11b3jl8xSerI+RRf0zP7P6YFu+QZW9dW4TIn0Gbdf /d7sn2B9LqFSQk3Nx5PJg+ZDdGMcE5jmbi8giRWsIsunShzhBKehR2VAGVFGm6lKqPV4w/gSSuwDBYyLMQ==</latexit><latexit sha1_base64="MzJA4AmjmtMQ0+P7TapOCCo6/ZQ=">AAACZnichVFNS8NAEH2N3/WjVREFL8WiKEiZiKB4KnjxaFu rhVpKElddmiYhSQu1CJ69eFTxpKAg/gwv/gEP/gPFo4IXD07TgqioE7L79u282bezumNKzyd6CClt7R2dXd094d6+/oFIdHBo3bMrriGyhm3abk7XPGFKS2R96Zsi57hCK+um2NBLy439japwPWlba37NEYWytmPJbWloPlPZaW+WZorROCUoiNhPoLZAHK1YtaNX 2MQWbBiooAwBCz5jExo8/vJQQXCYK6DOnMtIBvsC+wiztsJZgjM0Zks87vAq32ItXjdqeoHa4FNM/l1WxjBJ93RNL3RHN/RE77/Wqgc1Gl5qPOtNrXCKkcOxzNu/qjLPPnY/VX969rGNxcCrZO9OwDRuYTT11b3jl8xSerI+RRf0zP7P6YFu+QZW9dW4TIn0Gbdf /d7sn2B9LqFSQk3Nx5PJg+ZDdGMcE5jmbi8giRWsIsunShzhBKehR2VAGVFGm6lKqPV4w/gSSuwDBYyLMQ==</latexit>
s
<latexit sha1_base64="pjLZ2zvfNwyRPHMSDNfzCee3tVA=">AAACYnichVE9LwRRFD07vtb62GUbCYXYENXmjkiIahON0mK XBJGZ8TAxX5l5uwkbiZqWKFQkJOJnaPwBxfYaUZJoFO58JILgTua98867577z7tM9ywwkUTOltLS2tXekOzNd3T292VxffzVwa74hKoZruf6KrgXCMh1Rkaa0xIrnC83WLbGs786G+8t14Qem6yzJPU+s29q2Y26ZhiaZKgcbuQIVKYrhn0BNQAFJzLu5a6xhEy4M 1GBDwIFkbEFDwN8qVBA85tbRYM5nZEb7AgfIsLbGWYIzNGZ3edzm1WrCOrwOawaR2uBTLP59Vg5jlB7ohl7onm7pid5/rdWIaoRe9njWY63wNrJHA4tv/6psniV2PlV/epbYwnTk1WTvXsSEtzBifX3/7GVxZmG0MUaX9Mz+L6hJd3wDp/5qXJXFwjm3X/3e7J+g OlFUqaiWJwul0mH8EGkMYgTj3O0plDCHeVT4VIFjnOA09ahklD4lH6cqqeTx8vgSytAHFMOKXA==</latexit><latexit sha1_base64="pjLZ2zvfNwyRPHMSDNfzCee3tVA=">AAACYnichVE9LwRRFD07vtb62GUbCYXYENXmjkiIahON0mK XBJGZ8TAxX5l5uwkbiZqWKFQkJOJnaPwBxfYaUZJoFO58JILgTua98867577z7tM9ywwkUTOltLS2tXekOzNd3T292VxffzVwa74hKoZruf6KrgXCMh1Rkaa0xIrnC83WLbGs786G+8t14Qem6yzJPU+s29q2Y26ZhiaZKgcbuQIVKYrhn0BNQAFJzLu5a6xhEy4M 1GBDwIFkbEFDwN8qVBA85tbRYM5nZEb7AgfIsLbGWYIzNGZ3edzm1WrCOrwOawaR2uBTLP59Vg5jlB7ohl7onm7pid5/rdWIaoRe9njWY63wNrJHA4tv/6psniV2PlV/epbYwnTk1WTvXsSEtzBifX3/7GVxZmG0MUaX9Mz+L6hJd3wDp/5qXJXFwjm3X/3e7J+g OlFUqaiWJwul0mH8EGkMYgTj3O0plDCHeVT4VIFjnOA09ahklD4lH6cqqeTx8vgSytAHFMOKXA==</latexit><latexit sha1_base64="pjLZ2zvfNwyRPHMSDNfzCee3tVA=">AAACYnichVE9LwRRFD07vtb62GUbCYXYENXmjkiIahON0mK XBJGZ8TAxX5l5uwkbiZqWKFQkJOJnaPwBxfYaUZJoFO58JILgTua98867577z7tM9ywwkUTOltLS2tXekOzNd3T292VxffzVwa74hKoZruf6KrgXCMh1Rkaa0xIrnC83WLbGs786G+8t14Qem6yzJPU+s29q2Y26ZhiaZKgcbuQIVKYrhn0BNQAFJzLu5a6xhEy4M 1GBDwIFkbEFDwN8qVBA85tbRYM5nZEb7AgfIsLbGWYIzNGZ3edzm1WrCOrwOawaR2uBTLP59Vg5jlB7ohl7onm7pid5/rdWIaoRe9njWY63wNrJHA4tv/6psniV2PlV/epbYwnTk1WTvXsSEtzBifX3/7GVxZmG0MUaX9Mz+L6hJd3wDp/5qXJXFwjm3X/3e7J+g OlFUqaiWJwul0mH8EGkMYgTj3O0plDCHeVT4VIFjnOA09ahklD4lH6cqqeTx8vgSytAHFMOKXA==</latexit><latexit sha1_base64="pjLZ2zvfNwyRPHMSDNfzCee3tVA=">AAACYnichVE9LwRRFD07vtb62GUbCYXYENXmjkiIahON0mK XBJGZ8TAxX5l5uwkbiZqWKFQkJOJnaPwBxfYaUZJoFO58JILgTua98867577z7tM9ywwkUTOltLS2tXekOzNd3T292VxffzVwa74hKoZruf6KrgXCMh1Rkaa0xIrnC83WLbGs786G+8t14Qem6yzJPU+s29q2Y26ZhiaZKgcbuQIVKYrhn0BNQAFJzLu5a6xhEy4M 1GBDwIFkbEFDwN8qVBA85tbRYM5nZEb7AgfIsLbGWYIzNGZ3edzm1WrCOrwOawaR2uBTLP59Vg5jlB7ohl7onm7pid5/rdWIaoRe9njWY63wNrJHA4tv/6psniV2PlV/epbYwnTk1WTvXsSEtzBifX3/7GVxZmG0MUaX9Mz+L6hJd3wDp/5qXJXFwjm3X/3e7J+g OlFUqaiWJwul0mH8EGkMYgTj3O0plDCHeVT4VIFjnOA09ahklD4lH6cqqeTx8vgSytAHFMOKXA==</latexit>
t
<latexit sha1_base64="xnNXMRn4wRpL5QD0VVfmLVki3XA=">AAACYnichVE9SwNBEH05v+NHEm0ELYJBsQpzIihWARvLfBg TiCHcnaseXu6Ou00gBsFaW8XCSkFB/Bk2/gELexuxjGBj4eQSEBV1jtt9+3be7NtZ3bVMXxI9hpSe3r7+gcGh8PDI6FgkGhvf8J2aZ4i84ViOV9Q1X1imLfLSlJYoup7QqrolCvreanu/UBeebzr2umy4olzVdmxz2zQ0yVRGVqIJSlIQ8Z9A7YIEupF2otfYxBYc GKihCgEbkrEFDT5/JagguMyV0WTOY2QG+wIHCLO2xlmCMzRm93jc4VWpy9q8btf0A7XBp1j8e6yMY5Ye6IZadE+39Ezvv9ZqBjXaXho86x2tcCuRo8nc27+qKs8Su5+qPz1LbGM58Gqydzdg2rcwOvr6/lkrt5Kdbc7RJb2w/wt6pDu+gV1/Na4yInvO7Ve/N/sn 2FhIqpRUM4uJVOqw8xCDmMIM5rnbS0hhDWnk+VSBY5zgNPSkhJWYMtFJVULdx5vAl1CmPwAWwYpd</latexit><latexit sha1_base64="xnNXMRn4wRpL5QD0VVfmLVki3XA=">AAACYnichVE9SwNBEH05v+NHEm0ELYJBsQpzIihWARvLfBg TiCHcnaseXu6Ou00gBsFaW8XCSkFB/Bk2/gELexuxjGBj4eQSEBV1jtt9+3be7NtZ3bVMXxI9hpSe3r7+gcGh8PDI6FgkGhvf8J2aZ4i84ViOV9Q1X1imLfLSlJYoup7QqrolCvreanu/UBeebzr2umy4olzVdmxz2zQ0yVRGVqIJSlIQ8Z9A7YIEupF2otfYxBYc GKihCgEbkrEFDT5/JagguMyV0WTOY2QG+wIHCLO2xlmCMzRm93jc4VWpy9q8btf0A7XBp1j8e6yMY5Ye6IZadE+39Ezvv9ZqBjXaXho86x2tcCuRo8nc27+qKs8Su5+qPz1LbGM58Gqydzdg2rcwOvr6/lkrt5Kdbc7RJb2w/wt6pDu+gV1/Na4yInvO7Ve/N/sn 2FhIqpRUM4uJVOqw8xCDmMIM5rnbS0hhDWnk+VSBY5zgNPSkhJWYMtFJVULdx5vAl1CmPwAWwYpd</latexit><latexit sha1_base64="xnNXMRn4wRpL5QD0VVfmLVki3XA=">AAACYnichVE9SwNBEH05v+NHEm0ELYJBsQpzIihWARvLfBg TiCHcnaseXu6Ou00gBsFaW8XCSkFB/Bk2/gELexuxjGBj4eQSEBV1jtt9+3be7NtZ3bVMXxI9hpSe3r7+gcGh8PDI6FgkGhvf8J2aZ4i84ViOV9Q1X1imLfLSlJYoup7QqrolCvreanu/UBeebzr2umy4olzVdmxz2zQ0yVRGVqIJSlIQ8Z9A7YIEupF2otfYxBYc GKihCgEbkrEFDT5/JagguMyV0WTOY2QG+wIHCLO2xlmCMzRm93jc4VWpy9q8btf0A7XBp1j8e6yMY5Ye6IZadE+39Ezvv9ZqBjXaXho86x2tcCuRo8nc27+qKs8Su5+qPz1LbGM58Gqydzdg2rcwOvr6/lkrt5Kdbc7RJb2w/wt6pDu+gV1/Na4yInvO7Ve/N/sn 2FhIqpRUM4uJVOqw8xCDmMIM5rnbS0hhDWnk+VSBY5zgNPSkhJWYMtFJVULdx5vAl1CmPwAWwYpd</latexit><latexit sha1_base64="xnNXMRn4wRpL5QD0VVfmLVki3XA=">AAACYnichVE9SwNBEH05v+NHEm0ELYJBsQpzIihWARvLfBg TiCHcnaseXu6Ou00gBsFaW8XCSkFB/Bk2/gELexuxjGBj4eQSEBV1jtt9+3be7NtZ3bVMXxI9hpSe3r7+gcGh8PDI6FgkGhvf8J2aZ4i84ViOV9Q1X1imLfLSlJYoup7QqrolCvreanu/UBeebzr2umy4olzVdmxz2zQ0yVRGVqIJSlIQ8Z9A7YIEupF2otfYxBYc GKihCgEbkrEFDT5/JagguMyV0WTOY2QG+wIHCLO2xlmCMzRm93jc4VWpy9q8btf0A7XBp1j8e6yMY5Ye6IZadE+39Ezvv9ZqBjXaXho86x2tcCuRo8nc27+qKs8Su5+qPz1LbGM58Gqydzdg2rcwOvr6/lkrt5Kdbc7RJb2w/wt6pDu+gV1/Na4yInvO7Ve/N/sn 2FhIqpRUM4uJVOqw8xCDmMIM5rnbS0hhDWnk+VSBY5zgNPSkhJWYMtFJVULdx5vAl1CmPwAWwYpd</latexit>
⇧⇤i g = | 0i(0)|2 ds2 + |X    i(s)|2 dt2
<latexit sha1_base64="t70WGhYU7gbcLWfJUANYoBR1dlw=">AAADAXichVFNSxxBEK0ZjVGT6JpcAl6aLMpqYKkxgiEQWMjF46pZXXB0mWl7x8b5oqd3QTeC4 C1/IAdBSMCA5CJePXrxD3jwJwSPCrnkYM3sqqj5qGGmXr2qV1Nd7ca+TDTimWF2dT/qedzb1//k6bOBwdzQ8/kkaiguKjzyI1V1nUT4MhQVLbUvqrESTuD6YsFd+5DmF5pCJTIKP+r1WCwFjhfKuuSOJqqW27XLktVYi0m2yZbJj5P32Htm+6KuPzHbc4LAuVNhx0oGgoICQzbGbCW9VapMUxPErrDkBr++blNlNpeK329XoNo/ddDXuJ bLYxEzYw+B1QF56Fg5yn0HG1YgAg4NCEBACJqwDw4k9CyCBQgxcUvQIk4RkllewCb0k7ZBVYIqHGLX6OtRtNhhQ4rTnkmm5vQXn15FSgYjeIr7eIEn+AN/4u+/9mplPdJZ1sm7ba2Ia4OfX879+q8qIK9h9Vb1z5k11OFtNquk2eOMSU/B2/rmxpeLuXezI61R/IbnNP9XPMNjOkHYvOR7M2J2h9Zv3V/2QzA/UbSwaM1M5kulrfZF9MI wvIICbXsKSjANZagAN7qNceONMWlum/vmgXnYLjWNzuW9gDtmHl0BozO57Q==</latexit><latexit sha1_base64="t70WGhYU7gbcLWfJUANYoBR1dlw=">AAADAXichVFNSxxBEK0ZjVGT6JpcAl6aLMpqYKkxgiEQWMjF46pZXXB0mWl7x8b5oqd3QTeC4 C1/IAdBSMCA5CJePXrxD3jwJwSPCrnkYM3sqqj5qGGmXr2qV1Nd7ca+TDTimWF2dT/qedzb1//k6bOBwdzQ8/kkaiguKjzyI1V1nUT4MhQVLbUvqrESTuD6YsFd+5DmF5pCJTIKP+r1WCwFjhfKuuSOJqqW27XLktVYi0m2yZbJj5P32Htm+6KuPzHbc4LAuVNhx0oGgoICQzbGbCW9VapMUxPErrDkBr++blNlNpeK329XoNo/ddDXuJ bLYxEzYw+B1QF56Fg5yn0HG1YgAg4NCEBACJqwDw4k9CyCBQgxcUvQIk4RkllewCb0k7ZBVYIqHGLX6OtRtNhhQ4rTnkmm5vQXn15FSgYjeIr7eIEn+AN/4u+/9mplPdJZ1sm7ba2Ia4OfX879+q8qIK9h9Vb1z5k11OFtNquk2eOMSU/B2/rmxpeLuXezI61R/IbnNP9XPMNjOkHYvOR7M2J2h9Zv3V/2QzA/UbSwaM1M5kulrfZF9MI wvIICbXsKSjANZagAN7qNceONMWlum/vmgXnYLjWNzuW9gDtmHl0BozO57Q==</latexit><latexit sha1_base64="t70WGhYU7gbcLWfJUANYoBR1dlw=">AAADAXichVFNSxxBEK0ZjVGT6JpcAl6aLMpqYKkxgiEQWMjF46pZXXB0mWl7x8b5oqd3QTeC4 C1/IAdBSMCA5CJePXrxD3jwJwSPCrnkYM3sqqj5qGGmXr2qV1Nd7ca+TDTimWF2dT/qedzb1//k6bOBwdzQ8/kkaiguKjzyI1V1nUT4MhQVLbUvqrESTuD6YsFd+5DmF5pCJTIKP+r1WCwFjhfKuuSOJqqW27XLktVYi0m2yZbJj5P32Htm+6KuPzHbc4LAuVNhx0oGgoICQzbGbCW9VapMUxPErrDkBr++blNlNpeK329XoNo/ddDXuJ bLYxEzYw+B1QF56Fg5yn0HG1YgAg4NCEBACJqwDw4k9CyCBQgxcUvQIk4RkllewCb0k7ZBVYIqHGLX6OtRtNhhQ4rTnkmm5vQXn15FSgYjeIr7eIEn+AN/4u+/9mplPdJZ1sm7ba2Ia4OfX879+q8qIK9h9Vb1z5k11OFtNquk2eOMSU/B2/rmxpeLuXezI61R/IbnNP9XPMNjOkHYvOR7M2J2h9Zv3V/2QzA/UbSwaM1M5kulrfZF9MI wvIICbXsKSjANZagAN7qNceONMWlum/vmgXnYLjWNzuW9gDtmHl0BozO57Q==</latexit><latexit sha1_base64="t70WGhYU7gbcLWfJUANYoBR1dlw=">AAADAXichVFNSxxBEK0ZjVGT6JpcAl6aLMpqYKkxgiEQWMjF46pZXXB0mWl7x8b5oqd3QTeC4 C1/IAdBSMCA5CJePXrxD3jwJwSPCrnkYM3sqqj5qGGmXr2qV1Nd7ca+TDTimWF2dT/qedzb1//k6bOBwdzQ8/kkaiguKjzyI1V1nUT4MhQVLbUvqrESTuD6YsFd+5DmF5pCJTIKP+r1WCwFjhfKuuSOJqqW27XLktVYi0m2yZbJj5P32Htm+6KuPzHbc4LAuVNhx0oGgoICQzbGbCW9VapMUxPErrDkBr++blNlNpeK329XoNo/ddDXuJ bLYxEzYw+B1QF56Fg5yn0HG1YgAg4NCEBACJqwDw4k9CyCBQgxcUvQIk4RkllewCb0k7ZBVYIqHGLX6OtRtNhhQ4rTnkmm5vQXn15FSgYjeIr7eIEn+AN/4u+/9mplPdJZ1sm7ba2Ia4OfX879+q8qIK9h9Vb1z5k11OFtNquk2eOMSU/B2/rmxpeLuXezI61R/IbnNP9XPMNjOkHYvOR7M2J2h9Zv3V/2QzA/UbSwaM1M5kulrfZF9MI wvIICbXsKSjANZagAN7qNceONMWlum/vmgXnYLjWNzuW9gDtmHl0BozO57Q==</latexit>
Ui
<latexit sha1_base64="zV30O6bIKxDgvgJjOHiSnmEWJLg=">AAACZHichVG7SgNBFD1Z389ERRAECYaIVbgrgmIVsLFMjDG ChrC7TuKQfbG7CWgQrAVbLawUFMTPsPEHLPwBQSwj2Fh4swmIinqXnTlz5p47Z+7orin9gOgxonR19/T29Q8MDg2PjEZjY+ObvlPzDJE3HNPxtnTNF6a0RT6QgSm2XE9olm6Kgl5dbe0X6sLzpWNvBPuuKFpaxZZlaWgBU7l8SZZiCUpRGPGfQO2ABDqRcWLX2MEu HBiowYKAjYCxCQ0+f9tQQXCZK6LBnMdIhvsChxhkbY2zBGdozFZ5rPBqu8PavG7V9EO1waeY/HusjCNJD3RDTbqnW3qm919rNcIaLS/7POttrXBL0eOp3Nu/KovnAHufqj89ByhjOfQq2bsbMq1bGG19/eCsmVtZTzbm6JJe2P8FPdId38CuvxpXWbF+zu1Xvzf7 J9hcSKmUUrOLiXT6qP0Q/ZjGLOa520tIYw0Z5PnUCk5wirPIkzKsTCiT7VQl0nm8CXwJZeYDs0WLGg==</latexit><latexit sha1_base64="zV30O6bIKxDgvgJjOHiSnmEWJLg=">AAACZHichVG7SgNBFD1Z389ERRAECYaIVbgrgmIVsLFMjDG ChrC7TuKQfbG7CWgQrAVbLawUFMTPsPEHLPwBQSwj2Fh4swmIinqXnTlz5p47Z+7orin9gOgxonR19/T29Q8MDg2PjEZjY+ObvlPzDJE3HNPxtnTNF6a0RT6QgSm2XE9olm6Kgl5dbe0X6sLzpWNvBPuuKFpaxZZlaWgBU7l8SZZiCUpRGPGfQO2ABDqRcWLX2MEu HBiowYKAjYCxCQ0+f9tQQXCZK6LBnMdIhvsChxhkbY2zBGdozFZ5rPBqu8PavG7V9EO1waeY/HusjCNJD3RDTbqnW3qm919rNcIaLS/7POttrXBL0eOp3Nu/KovnAHufqj89ByhjOfQq2bsbMq1bGG19/eCsmVtZTzbm6JJe2P8FPdId38CuvxpXWbF+zu1Xvzf7 J9hcSKmUUrOLiXT6qP0Q/ZjGLOa520tIYw0Z5PnUCk5wirPIkzKsTCiT7VQl0nm8CXwJZeYDs0WLGg==</latexit><latexit sha1_base64="zV30O6bIKxDgvgJjOHiSnmEWJLg=">AAACZHichVG7SgNBFD1Z389ERRAECYaIVbgrgmIVsLFMjDG ChrC7TuKQfbG7CWgQrAVbLawUFMTPsPEHLPwBQSwj2Fh4swmIinqXnTlz5p47Z+7orin9gOgxonR19/T29Q8MDg2PjEZjY+ObvlPzDJE3HNPxtnTNF6a0RT6QgSm2XE9olm6Kgl5dbe0X6sLzpWNvBPuuKFpaxZZlaWgBU7l8SZZiCUpRGPGfQO2ABDqRcWLX2MEu HBiowYKAjYCxCQ0+f9tQQXCZK6LBnMdIhvsChxhkbY2zBGdozFZ5rPBqu8PavG7V9EO1waeY/HusjCNJD3RDTbqnW3qm919rNcIaLS/7POttrXBL0eOp3Nu/KovnAHufqj89ByhjOfQq2bsbMq1bGG19/eCsmVtZTzbm6JJe2P8FPdId38CuvxpXWbF+zu1Xvzf7 J9hcSKmUUrOLiXT6qP0Q/ZjGLOa520tIYw0Z5PnUCk5wirPIkzKsTCiT7VQl0nm8CXwJZeYDs0WLGg==</latexit><latexit sha1_base64="zV30O6bIKxDgvgJjOHiSnmEWJLg=">AAACZHichVG7SgNBFD1Z389ERRAECYaIVbgrgmIVsLFMjDG ChrC7TuKQfbG7CWgQrAVbLawUFMTPsPEHLPwBQSwj2Fh4swmIinqXnTlz5p47Z+7orin9gOgxonR19/T29Q8MDg2PjEZjY+ObvlPzDJE3HNPxtnTNF6a0RT6QgSm2XE9olm6Kgl5dbe0X6sLzpWNvBPuuKFpaxZZlaWgBU7l8SZZiCUpRGPGfQO2ABDqRcWLX2MEu HBiowYKAjYCxCQ0+f9tQQXCZK6LBnMdIhvsChxhkbY2zBGdozFZ5rPBqu8PavG7V9EO1waeY/HusjCNJD3RDTbqnW3qm919rNcIaLS/7POttrXBL0eOp3Nu/KovnAHufqj89ByhjOfQq2bsbMq1bGG19/eCsmVtZTzbm6JJe2P8FPdId38CuvxpXWbF+zu1Xvzf7 J9hcSKmUUrOLiXT6qP0Q/ZjGLOa520tIYw0Z5PnUCk5wirPIkzKsTCiT7VQl0nm8CXwJZeYDs0WLGg==</latexit>
x1
<latexit sha1_base64="4XInIIYE3MUklULhxV924ikg4ao=">AAACZHichVFNS8NAEH2NX1WrrRZBEEQsFU9lIoLiqeDFY22tLWiVJG5raJqEJC3WIngWvOrBk4KC+ DO8+Ac89A8I4rGCFw9O04KoqBOy+/btvNm3s6pt6K5H1AxIPb19/QPBwaHh0MhoODI2vulaVUcTWc0yLCevKq4wdFNkPd0zRN52hFJRDZFTy6vt/VxNOK5umRte3RaFilIy9aKuKR5TmYMdeTcSowT5MfMTyF0QQzdSVuQG29iDBQ1VVCBgwmNsQIHL3xZkEGzmCmgw5zDS/X2BIwyxtspZgjMUZss8lni11WVNXrdrur5a41MM/h1WziBOj3RLL XqgO3qm919rNfwabS91ntWOVti74ZPJzNu/qgrPHvY/VX969lDEsu9VZ++2z7RvoXX0tcPzVmYlHW/M0RW9sP9LatI938CsvWrX6yJ9we2Xvzf7J9hcSMiUkNcXY8nkcechgpjCLOa520tIYg0pZPnUEk5xhvPAkxSSotJEJ1UKdB8vii8hTX8Ah7aLBA==</latexit><latexit sha1_base64="4XInIIYE3MUklULhxV924ikg4ao=">AAACZHichVFNS8NAEH2NX1WrrRZBEEQsFU9lIoLiqeDFY22tLWiVJG5raJqEJC3WIngWvOrBk4KC+ DO8+Ac89A8I4rGCFw9O04KoqBOy+/btvNm3s6pt6K5H1AxIPb19/QPBwaHh0MhoODI2vulaVUcTWc0yLCevKq4wdFNkPd0zRN52hFJRDZFTy6vt/VxNOK5umRte3RaFilIy9aKuKR5TmYMdeTcSowT5MfMTyF0QQzdSVuQG29iDBQ1VVCBgwmNsQIHL3xZkEGzmCmgw5zDS/X2BIwyxtspZgjMUZss8lni11WVNXrdrur5a41MM/h1WziBOj3RLL XqgO3qm919rNfwabS91ntWOVti74ZPJzNu/qgrPHvY/VX969lDEsu9VZ++2z7RvoXX0tcPzVmYlHW/M0RW9sP9LatI938CsvWrX6yJ9we2Xvzf7J9hcSMiUkNcXY8nkcechgpjCLOa520tIYg0pZPnUEk5xhvPAkxSSotJEJ1UKdB8vii8hTX8Ah7aLBA==</latexit><latexit sha1_base64="4XInIIYE3MUklULhxV924ikg4ao=">AAACZHichVFNS8NAEH2NX1WrrRZBEEQsFU9lIoLiqeDFY22tLWiVJG5raJqEJC3WIngWvOrBk4KC+ DO8+Ac89A8I4rGCFw9O04KoqBOy+/btvNm3s6pt6K5H1AxIPb19/QPBwaHh0MhoODI2vulaVUcTWc0yLCevKq4wdFNkPd0zRN52hFJRDZFTy6vt/VxNOK5umRte3RaFilIy9aKuKR5TmYMdeTcSowT5MfMTyF0QQzdSVuQG29iDBQ1VVCBgwmNsQIHL3xZkEGzmCmgw5zDS/X2BIwyxtspZgjMUZss8lni11WVNXrdrur5a41MM/h1WziBOj3RLL XqgO3qm919rNfwabS91ntWOVti74ZPJzNu/qgrPHvY/VX969lDEsu9VZ++2z7RvoXX0tcPzVmYlHW/M0RW9sP9LatI938CsvWrX6yJ9we2Xvzf7J9hcSMiUkNcXY8nkcechgpjCLOa520tIYg0pZPnUEk5xhvPAkxSSotJEJ1UKdB8vii8hTX8Ah7aLBA==</latexit><latexit sha1_base64="4XInIIYE3MUklULhxV924ikg4ao=">AAACZHichVFNS8NAEH2NX1WrrRZBEEQsFU9lIoLiqeDFY22tLWiVJG5raJqEJC3WIngWvOrBk4KC+ DO8+Ac89A8I4rGCFw9O04KoqBOy+/btvNm3s6pt6K5H1AxIPb19/QPBwaHh0MhoODI2vulaVUcTWc0yLCevKq4wdFNkPd0zRN52hFJRDZFTy6vt/VxNOK5umRte3RaFilIy9aKuKR5TmYMdeTcSowT5MfMTyF0QQzdSVuQG29iDBQ1VVCBgwmNsQIHL3xZkEGzmCmgw5zDS/X2BIwyxtspZgjMUZss8lni11WVNXrdrur5a41MM/h1WziBOj3RLL XqgO3qm919rNfwabS91ntWOVti74ZPJzNu/qgrPHvY/VX969lDEsu9VZ++2z7RvoXX0tcPzVmYlHW/M0RW9sP9LatI938CsvWrX6yJ9we2Xvzf7J9hcSMiUkNcXY8nkcechgpjCLOa520tIYg0pZPnUEk5xhvPAkxSSotJEJ1UKdB8vii8hTX8Ah7aLBA==</latexit>
x2
<latexit sha1_base64="5dN1eGjd1fJeISIJqa9GsAfjGws=">AAACZHichVFNS8NAEH2N37XaahEEQcSieCqTIiieCl48VmtbodaSxLWGpklI0qIWwbPg1R48KSiI P8OLf8BD/4AgHit48eA0LYiKOiG7b9/Om307q9qG7npEzYDU09vXPzA4FBwOjYyGI2PjWdeqOprIaJZhOVuq4gpDN0XG0z1DbNmOUCqqIXJqebW9n6sJx9Utc9M7tEWhopRMfU/XFI+p9MFOohiJUZz8mPkJ5C6IoRspK3KDbezCgoYqKhAw4TE2oMDlLw8ZBJu5AurMOYx0f1/gGEHWVjlLcIbCbJnHEq/yXdbkdbum66s1PsXg32HlDObokW 6pRQ90R8/0/mutul+j7eWQZ7WjFXYxfDqZfvtXVeHZw/6n6k/PHvaw7HvV2bvtM+1baB197ajRSq9szNXn6Ype2P8lNemeb2DWXrXrdbFxwe2Xvzf7J8gm4jLF5fXFWDJ50nmIQUxhFgvc7SUksYYUMnxqCWc4RyPwJIWkqDTRSZUC3ceL4ktI0x+JtIsF</latexit><latexit sha1_base64="5dN1eGjd1fJeISIJqa9GsAfjGws=">AAACZHichVFNS8NAEH2N37XaahEEQcSieCqTIiieCl48VmtbodaSxLWGpklI0qIWwbPg1R48KSiI P8OLf8BD/4AgHit48eA0LYiKOiG7b9/Om307q9qG7npEzYDU09vXPzA4FBwOjYyGI2PjWdeqOprIaJZhOVuq4gpDN0XG0z1DbNmOUCqqIXJqebW9n6sJx9Utc9M7tEWhopRMfU/XFI+p9MFOohiJUZz8mPkJ5C6IoRspK3KDbezCgoYqKhAw4TE2oMDlLw8ZBJu5AurMOYx0f1/gGEHWVjlLcIbCbJnHEq/yXdbkdbum66s1PsXg32HlDObokW 6pRQ90R8/0/mutul+j7eWQZ7WjFXYxfDqZfvtXVeHZw/6n6k/PHvaw7HvV2bvtM+1baB197ajRSq9szNXn6Ype2P8lNemeb2DWXrXrdbFxwe2Xvzf7J8gm4jLF5fXFWDJ50nmIQUxhFgvc7SUksYYUMnxqCWc4RyPwJIWkqDTRSZUC3ceL4ktI0x+JtIsF</latexit><latexit sha1_base64="5dN1eGjd1fJeISIJqa9GsAfjGws=">AAACZHichVFNS8NAEH2N37XaahEEQcSieCqTIiieCl48VmtbodaSxLWGpklI0qIWwbPg1R48KSiI P8OLf8BD/4AgHit48eA0LYiKOiG7b9/Om307q9qG7npEzYDU09vXPzA4FBwOjYyGI2PjWdeqOprIaJZhOVuq4gpDN0XG0z1DbNmOUCqqIXJqebW9n6sJx9Utc9M7tEWhopRMfU/XFI+p9MFOohiJUZz8mPkJ5C6IoRspK3KDbezCgoYqKhAw4TE2oMDlLw8ZBJu5AurMOYx0f1/gGEHWVjlLcIbCbJnHEq/yXdbkdbum66s1PsXg32HlDObokW 6pRQ90R8/0/mutul+j7eWQZ7WjFXYxfDqZfvtXVeHZw/6n6k/PHvaw7HvV2bvtM+1baB197ajRSq9szNXn6Ype2P8lNemeb2DWXrXrdbFxwe2Xvzf7J8gm4jLF5fXFWDJ50nmIQUxhFgvc7SUksYYUMnxqCWc4RyPwJIWkqDTRSZUC3ceL4ktI0x+JtIsF</latexit><latexit sha1_base64="5dN1eGjd1fJeISIJqa9GsAfjGws=">AAACZHichVFNS8NAEH2N37XaahEEQcSieCqTIiieCl48VmtbodaSxLWGpklI0qIWwbPg1R48KSiI P8OLf8BD/4AgHit48eA0LYiKOiG7b9/Om307q9qG7npEzYDU09vXPzA4FBwOjYyGI2PjWdeqOprIaJZhOVuq4gpDN0XG0z1DbNmOUCqqIXJqebW9n6sJx9Utc9M7tEWhopRMfU/XFI+p9MFOohiJUZz8mPkJ5C6IoRspK3KDbezCgoYqKhAw4TE2oMDlLw8ZBJu5AurMOYx0f1/gGEHWVjlLcIbCbJnHEq/yXdbkdbum66s1PsXg32HlDObokW 6pRQ90R8/0/mutul+j7eWQZ7WjFXYxfDqZfvtXVeHZw/6n6k/PHvaw7HvV2bvtM+1baB197ajRSq9szNXn6Ype2P8lNemeb2DWXrXrdbFxwe2Xvzf7J8gm4jLF5fXFWDJ50nmIQUxhFgvc7SUksYYUMnxqCWc4RyPwJIWkqDTRSZUC3ceL4ktI0x+JtIsF</latexit>
(T1(s), T2(t))
<latexit sha1_base64="fC8xoeR7hVyX/+9IPrzrJp34qX0=">AAACcnichVHLSsNAFL2Nr/ps1I3oRi1KClJuiqC4Krhx2XcLtYQkTmswL5JpoRbBtT/goitFBfEz3PgDLvwEcWnBjQtv04CoqDdM5syZOX fO3Ku5puFzxKeIMDQ8MjoWHZ+YnJqeiYmzcyXfaXo6K+qO6XgVTfWZadisyA1usorrMdXSTFbWjnb7++UW83zDsQu87bKapTZso27oKidKEWNSQZElP7FRUFISTyQUMY5JDGL5J5BDEIcwMo54A/twAA7o0AQLGNjACZuggk9fFWRAcImrQYc4j5AR7DM4gQnSNukUoxMqsUf0b9CqGrI2rfs5/UCt0y0mDY+Uy7CGj3iLr/iAd/iM77/m6gQ5+l7aNGsDLXOV2NlC/u1flUUzh8NP1Z+eOdRhO/BqkHc3YPqv0Af61vH5a34nt 9ZZx0t8If8X+IT39AK71dOvsyzXpfLL34v9E5RSSRmTcnYznk6fDhoRhSVYBYmqvQVp2IMMFIOOdOEKriM9YVFYEcKuCZGwefPwJYSND3QljnU=</latexit><latexit sha1_base64="fC8xoeR7hVyX/+9IPrzrJp34qX0=">AAACcnichVHLSsNAFL2Nr/ps1I3oRi1KClJuiqC4Krhx2XcLtYQkTmswL5JpoRbBtT/goitFBfEz3PgDLvwEcWnBjQtv04CoqDdM5syZOX fO3Ku5puFzxKeIMDQ8MjoWHZ+YnJqeiYmzcyXfaXo6K+qO6XgVTfWZadisyA1usorrMdXSTFbWjnb7++UW83zDsQu87bKapTZso27oKidKEWNSQZElP7FRUFISTyQUMY5JDGL5J5BDEIcwMo54A/twAA7o0AQLGNjACZuggk9fFWRAcImrQYc4j5AR7DM4gQnSNukUoxMqsUf0b9CqGrI2rfs5/UCt0y0mDY+Uy7CGj3iLr/iAd/iM77/m6gQ5+l7aNGsDLXOV2NlC/u1flUUzh8NP1Z+eOdRhO/BqkHc3YPqv0Af61vH5a34nt 9ZZx0t8If8X+IT39AK71dOvsyzXpfLL34v9E5RSSRmTcnYznk6fDhoRhSVYBYmqvQVp2IMMFIOOdOEKriM9YVFYEcKuCZGwefPwJYSND3QljnU=</latexit><latexit sha1_base64="fC8xoeR7hVyX/+9IPrzrJp34qX0=">AAACcnichVHLSsNAFL2Nr/ps1I3oRi1KClJuiqC4Krhx2XcLtYQkTmswL5JpoRbBtT/goitFBfEz3PgDLvwEcWnBjQtv04CoqDdM5syZOX fO3Ku5puFzxKeIMDQ8MjoWHZ+YnJqeiYmzcyXfaXo6K+qO6XgVTfWZadisyA1usorrMdXSTFbWjnb7++UW83zDsQu87bKapTZso27oKidKEWNSQZElP7FRUFISTyQUMY5JDGL5J5BDEIcwMo54A/twAA7o0AQLGNjACZuggk9fFWRAcImrQYc4j5AR7DM4gQnSNukUoxMqsUf0b9CqGrI2rfs5/UCt0y0mDY+Uy7CGj3iLr/iAd/iM77/m6gQ5+l7aNGsDLXOV2NlC/u1flUUzh8NP1Z+eOdRhO/BqkHc3YPqv0Af61vH5a34nt 9ZZx0t8If8X+IT39AK71dOvsyzXpfLL34v9E5RSSRmTcnYznk6fDhoRhSVYBYmqvQVp2IMMFIOOdOEKriM9YVFYEcKuCZGwefPwJYSND3QljnU=</latexit><latexit sha1_base64="fC8xoeR7hVyX/+9IPrzrJp34qX0=">AAACcnichVHLSsNAFL2Nr/ps1I3oRi1KClJuiqC4Krhx2XcLtYQkTmswL5JpoRbBtT/goitFBfEz3PgDLvwEcWnBjQtv04CoqDdM5syZOX fO3Ku5puFzxKeIMDQ8MjoWHZ+YnJqeiYmzcyXfaXo6K+qO6XgVTfWZadisyA1usorrMdXSTFbWjnb7++UW83zDsQu87bKapTZso27oKidKEWNSQZElP7FRUFISTyQUMY5JDGL5J5BDEIcwMo54A/twAA7o0AQLGNjACZuggk9fFWRAcImrQYc4j5AR7DM4gQnSNukUoxMqsUf0b9CqGrI2rfs5/UCt0y0mDY+Uy7CGj3iLr/iAd/iM77/m6gQ5+l7aNGsDLXOV2NlC/u1flUUzh8NP1Z+eOdRhO/BqkHc3YPqv0Af61vH5a34nt 9ZZx0t8If8X+IT39AK71dOvsyzXpfLL34v9E5RSSRmTcnYznk6fDhoRhSVYBYmqvQVp2IMMFIOOdOEKriM9YVFYEcKuCZGwefPwJYSND3QljnU=</latexit>
(T1(s), 0)
<latexit sha1_base64="WAuKM7HB/JDdh2ZwQZYf9lhpKGw=">AAACa3ichVHLSsNAFD2N73fVjaiLYqlUkHIjguKq4Malr9piLSWJo4amSUjSQi2Ca9eCC1FQUBA/w40/4MJPEHFVwY0Lb9KAqKg3ZObMmXv unLmj2obuekSPEamlta29o7Oru6e3r38gOji04VoVRxMZzTIsJ6cqrjB0U2Q83TNEznaEUlYNkVVLi/5+tiocV7fMda9mi0JZ2TX1HV1TPKY2k+tFOelOTdNUMRqnFAUR+wnkEMQRxrIVvcYWtmFBQwVlCJjwGBtQ4PKXhwyCzVwBdeYcRnqwL3CAbtZWOEtwhsJsicddXuVD1uS1X9MN1BqfYvDvsDKGBD3QDTXonm7pid5/rVUPavheajyrTa2wiwNHI2tv/6rKPHvY+1T96dnDDuYDrzp7twPGv4XW1Ff3TxprC6uJ+iRd0jP7v 6BHuuMbmNVX7WpFrJ5y++Xvzf4JNmZSMqXkldl4On3YfIhOjGECSe72HNJYwjIyfKqJY5zhPPIiDUuj0ngzVYqEjzeMLyElPgAxPoyY</latexit><latexit sha1_base64="WAuKM7HB/JDdh2ZwQZYf9lhpKGw=">AAACa3ichVHLSsNAFD2N73fVjaiLYqlUkHIjguKq4Malr9piLSWJo4amSUjSQi2Ca9eCC1FQUBA/w40/4MJPEHFVwY0Lb9KAqKg3ZObMmXv unLmj2obuekSPEamlta29o7Oru6e3r38gOji04VoVRxMZzTIsJ6cqrjB0U2Q83TNEznaEUlYNkVVLi/5+tiocV7fMda9mi0JZ2TX1HV1TPKY2k+tFOelOTdNUMRqnFAUR+wnkEMQRxrIVvcYWtmFBQwVlCJjwGBtQ4PKXhwyCzVwBdeYcRnqwL3CAbtZWOEtwhsJsicddXuVD1uS1X9MN1BqfYvDvsDKGBD3QDTXonm7pid5/rVUPavheajyrTa2wiwNHI2tv/6rKPHvY+1T96dnDDuYDrzp7twPGv4XW1Ff3TxprC6uJ+iRd0jP7v 6BHuuMbmNVX7WpFrJ5y++Xvzf4JNmZSMqXkldl4On3YfIhOjGECSe72HNJYwjIyfKqJY5zhPPIiDUuj0ngzVYqEjzeMLyElPgAxPoyY</latexit><latexit sha1_base64="WAuKM7HB/JDdh2ZwQZYf9lhpKGw=">AAACa3ichVHLSsNAFD2N73fVjaiLYqlUkHIjguKq4Malr9piLSWJo4amSUjSQi2Ca9eCC1FQUBA/w40/4MJPEHFVwY0Lb9KAqKg3ZObMmXv unLmj2obuekSPEamlta29o7Oru6e3r38gOji04VoVRxMZzTIsJ6cqrjB0U2Q83TNEznaEUlYNkVVLi/5+tiocV7fMda9mi0JZ2TX1HV1TPKY2k+tFOelOTdNUMRqnFAUR+wnkEMQRxrIVvcYWtmFBQwVlCJjwGBtQ4PKXhwyCzVwBdeYcRnqwL3CAbtZWOEtwhsJsicddXuVD1uS1X9MN1BqfYvDvsDKGBD3QDTXonm7pid5/rVUPavheajyrTa2wiwNHI2tv/6rKPHvY+1T96dnDDuYDrzp7twPGv4XW1Ff3TxprC6uJ+iRd0jP7v 6BHuuMbmNVX7WpFrJ5y++Xvzf4JNmZSMqXkldl4On3YfIhOjGECSe72HNJYwjIyfKqJY5zhPPIiDUuj0ngzVYqEjzeMLyElPgAxPoyY</latexit><latexit sha1_base64="WAuKM7HB/JDdh2ZwQZYf9lhpKGw=">AAACa3ichVHLSsNAFD2N73fVjaiLYqlUkHIjguKq4Malr9piLSWJo4amSUjSQi2Ca9eCC1FQUBA/w40/4MJPEHFVwY0Lb9KAqKg3ZObMmXv unLmj2obuekSPEamlta29o7Oru6e3r38gOji04VoVRxMZzTIsJ6cqrjB0U2Q83TNEznaEUlYNkVVLi/5+tiocV7fMda9mi0JZ2TX1HV1TPKY2k+tFOelOTdNUMRqnFAUR+wnkEMQRxrIVvcYWtmFBQwVlCJjwGBtQ4PKXhwyCzVwBdeYcRnqwL3CAbtZWOEtwhsJsicddXuVD1uS1X9MN1BqfYvDvsDKGBD3QDTXonm7pid5/rVUPavheajyrTa2wiwNHI2tv/6rKPHvY+1T96dnDDuYDrzp7twPGv4XW1Ff3TxprC6uJ+iRd0jP7v 6BHuuMbmNVX7WpFrJ5y++Xvzf4JNmZSMqXkldl4On3YfIhOjGECSe72HNJYwjIyfKqJY5zhPPIiDUuj0ngzVYqEjzeMLyElPgAxPoyY</latexit>
(⌃ 1i )
⇤g = (⌧/2⇡)2|X    i   T 1|2((dx1)2 + (dx2)2)
<latexit sha1_base64="dRg4xlyU8LXyry2dBBtK95LuAkI=">AAAC0nichVFNaxRBEK0dE42JmlUvAS+NS2RWyVozCIogLHjxmGR3k4VMdunpdMYm88VM72IyGTB4E+8ePCkoiD/Di38gh/yE4DGCBz1YMzsQNKjVdPer1/Wqq6vd2Fe pRjyqGeemps9fmLk4O3fp8pX5+tVra2k0SoTsiciPkr7LU+mrUPa00r7sx4nkgevLdXfncXG+PpZJqqKwq3djuRlwL1TbSnBN1LAemU5HeQFnQ5YxxfJBtmTlTTYg7zbLmccemY7mo7u2E6vmwN5nfeYIlQjmeDw4lVVkt5Tvl3Kb5aa59WxgkexOAWwCzWG9gS0sjZ0FVgUaUNlyVP8ADmxBBAJGEICEEDRhHzikNDbAAoSYuE3IiEsIqfJcQg6zpB1RlKQITuwOrR55GxUbkl/kTEu1oFt8mgkpGSziIX7EE/yCn/AYf/41V1bmKGrZpd2daGU8nH+50Pn+X1VAu4anp6p/1qxhGx6U tSqqPS6Z4hVioh/vvT7pPFxdzG7hO/xK9b/FI/xMLwjH38T7Fbn6htpv/dnss2DNblnYslbuNdrt55OPmIEbcBNM6vZ9aMMTWIYe3XoIP2pTtWmja+wZB8aLSahRqz7vOvxmxqtfBZSsqg==</latexit><latexit sha1_base64="dRg4xlyU8LXyry2dBBtK95LuAkI=">AAAC0nichVFNaxRBEK0dE42JmlUvAS+NS2RWyVozCIogLHjxmGR3k4VMdunpdMYm88VM72IyGTB4E+8ePCkoiD/Di38gh/yE4DGCBz1YMzsQNKjVdPer1/Wqq6vd2Fe pRjyqGeemps9fmLk4O3fp8pX5+tVra2k0SoTsiciPkr7LU+mrUPa00r7sx4nkgevLdXfncXG+PpZJqqKwq3djuRlwL1TbSnBN1LAemU5HeQFnQ5YxxfJBtmTlTTYg7zbLmccemY7mo7u2E6vmwN5nfeYIlQjmeDw4lVVkt5Tvl3Kb5aa59WxgkexOAWwCzWG9gS0sjZ0FVgUaUNlyVP8ADmxBBAJGEICEEDRhHzikNDbAAoSYuE3IiEsIqfJcQg6zpB1RlKQITuwOrR55GxUbkl/kTEu1oFt8mgkpGSziIX7EE/yCn/AYf/41V1bmKGrZpd2daGU8nH+50Pn+X1VAu4anp6p/1qxhGx6U tSqqPS6Z4hVioh/vvT7pPFxdzG7hO/xK9b/FI/xMLwjH38T7Fbn6htpv/dnss2DNblnYslbuNdrt55OPmIEbcBNM6vZ9aMMTWIYe3XoIP2pTtWmja+wZB8aLSahRqz7vOvxmxqtfBZSsqg==</latexit><latexit sha1_base64="dRg4xlyU8LXyry2dBBtK95LuAkI=">AAAC0nichVFNaxRBEK0dE42JmlUvAS+NS2RWyVozCIogLHjxmGR3k4VMdunpdMYm88VM72IyGTB4E+8ePCkoiD/Di38gh/yE4DGCBz1YMzsQNKjVdPer1/Wqq6vd2Fe pRjyqGeemps9fmLk4O3fp8pX5+tVra2k0SoTsiciPkr7LU+mrUPa00r7sx4nkgevLdXfncXG+PpZJqqKwq3djuRlwL1TbSnBN1LAemU5HeQFnQ5YxxfJBtmTlTTYg7zbLmccemY7mo7u2E6vmwN5nfeYIlQjmeDw4lVVkt5Tvl3Kb5aa59WxgkexOAWwCzWG9gS0sjZ0FVgUaUNlyVP8ADmxBBAJGEICEEDRhHzikNDbAAoSYuE3IiEsIqfJcQg6zpB1RlKQITuwOrR55GxUbkl/kTEu1oFt8mgkpGSziIX7EE/yCn/AYf/41V1bmKGrZpd2daGU8nH+50Pn+X1VAu4anp6p/1qxhGx6U tSqqPS6Z4hVioh/vvT7pPFxdzG7hO/xK9b/FI/xMLwjH38T7Fbn6htpv/dnss2DNblnYslbuNdrt55OPmIEbcBNM6vZ9aMMTWIYe3XoIP2pTtWmja+wZB8aLSahRqz7vOvxmxqtfBZSsqg==</latexit><latexit sha1_base64="dRg4xlyU8LXyry2dBBtK95LuAkI=">AAAC0nichVFNaxRBEK0dE42JmlUvAS+NS2RWyVozCIogLHjxmGR3k4VMdunpdMYm88VM72IyGTB4E+8ePCkoiD/Di38gh/yE4DGCBz1YMzsQNKjVdPer1/Wqq6vd2Fe pRjyqGeemps9fmLk4O3fp8pX5+tVra2k0SoTsiciPkr7LU+mrUPa00r7sx4nkgevLdXfncXG+PpZJqqKwq3djuRlwL1TbSnBN1LAemU5HeQFnQ5YxxfJBtmTlTTYg7zbLmccemY7mo7u2E6vmwN5nfeYIlQjmeDw4lVVkt5Tvl3Kb5aa59WxgkexOAWwCzWG9gS0sjZ0FVgUaUNlyVP8ADmxBBAJGEICEEDRhHzikNDbAAoSYuE3IiEsIqfJcQg6zpB1RlKQITuwOrR55GxUbkl/kTEu1oFt8mgkpGSziIX7EE/yCn/AYf/41V1bmKGrZpd2daGU8nH+50Pn+X1VAu4anp6p/1qxhGx6U tSqqPS6Z4hVioh/vvT7pPFxdzG7hO/xK9b/FI/xMLwjH38T7Fbn6htpv/dnss2DNblnYslbuNdrt55OPmIEbcBNM6vZ9aMMTWIYe3XoIP2pTtWmja+wZB8aLSahRqz7vOvxmxqtfBZSsqg==</latexit>
Ui
<latexit sha1_base64="zV3 0O6bIKxDgvgJjOHiSnmEWJLg=">AAACZHichVG7SgNBFD1Z38 9ERRAECYaIVbgrgmIVsLFMjDGChrC7TuKQfbG7CWgQrAVbLaw UFMTPsPEHLPwBQSwj2Fh4swmIinqXnTlz5p47Z+7orin9gOgxo nR19/T29Q8MDg2PjEZjY+ObvlPzDJE3HNPxtnTNF6a0RT6QgS m2XE9olm6Kgl5dbe0X6sLzpWNvBPuuKFpaxZZlaWgBU7l8SZZ iCUpRGPGfQO2ABDqRcWLX2MEuHBiowYKAjYCxCQ0+f9tQQXCZ K6LBnMdIhvsChxhkbY2zBGdozFZ5rPBqu8PavG7V9EO1waeY/ HusjCNJD3RDTbqnW3qm919rNcIaLS/7POttrXBL0eOp3Nu/Kov nAHufqj89ByhjOfQq2bsbMq1bGG19/eCsmVtZTzbm6JJe2P8F PdId38CuvxpXWbF+zu1Xvzf7J9hcSKmUUrOLiXT6qP0Q/ZjGL Oa520tIYw0Z5PnUCk5wirPIkzKsTCiT7VQl0nm8CXwJZeYDs0 WLGg==</latexit><latexit sha1_base64="zV3 0O6bIKxDgvgJjOHiSnmEWJLg=">AAACZHichVG7SgNBFD1Z38 9ERRAECYaIVbgrgmIVsLFMjDGChrC7TuKQfbG7CWgQrAVbLaw UFMTPsPEHLPwBQSwj2Fh4swmIinqXnTlz5p47Z+7orin9gOgxo nR19/T29Q8MDg2PjEZjY+ObvlPzDJE3HNPxtnTNF6a0RT6QgS m2XE9olm6Kgl5dbe0X6sLzpWNvBPuuKFpaxZZlaWgBU7l8SZZ iCUpRGPGfQO2ABDqRcWLX2MEuHBiowYKAjYCxCQ0+f9tQQXCZ K6LBnMdIhvsChxhkbY2zBGdozFZ5rPBqu8PavG7V9EO1waeY/ HusjCNJD3RDTbqnW3qm919rNcIaLS/7POttrXBL0eOp3Nu/Kov nAHufqj89ByhjOfQq2bsbMq1bGG19/eCsmVtZTzbm6JJe2P8F PdId38CuvxpXWbF+zu1Xvzf7J9hcSKmUUrOLiXT6qP0Q/ZjGL Oa520tIYw0Z5PnUCk5wirPIkzKsTCiT7VQl0nm8CXwJZeYDs0 WLGg==</latexit><latexit sha1_base64="zV3 0O6bIKxDgvgJjOHiSnmEWJLg=">AAACZHichVG7SgNBFD1Z38 9ERRAECYaIVbgrgmIVsLFMjDGChrC7TuKQfbG7CWgQrAVbLaw UFMTPsPEHLPwBQSwj2Fh4swmIinqXnTlz5p47Z+7orin9gOgxo nR19/T29Q8MDg2PjEZjY+ObvlPzDJE3HNPxtnTNF6a0RT6QgS m2XE9olm6Kgl5dbe0X6sLzpWNvBPuuKFpaxZZlaWgBU7l8SZZ iCUpRGPGfQO2ABDqRcWLX2MEuHBiowYKAjYCxCQ0+f9tQQXCZ K6LBnMdIhvsChxhkbY2zBGdozFZ5rPBqu8PavG7V9EO1waeY/ HusjCNJD3RDTbqnW3qm919rNcIaLS/7POttrXBL0eOp3Nu/Kov nAHufqj89ByhjOfQq2bsbMq1bGG19/eCsmVtZTzbm6JJe2P8F PdId38CuvxpXWbF+zu1Xvzf7J9hcSKmUUrOLiXT6qP0Q/ZjGL Oa520tIYw0Z5PnUCk5wirPIkzKsTCiT7VQl0nm8CXwJZeYDs0 WLGg==</latexit><latexit sha1_base64="zV3 0O6bIKxDgvgJjOHiSnmEWJLg=">AAACZHichVG7SgNBFD1Z38 9ERRAECYaIVbgrgmIVsLFMjDGChrC7TuKQfbG7CWgQrAVbLaw UFMTPsPEHLPwBQSwj2Fh4swmIinqXnTlz5p47Z+7orin9gOgxo nR19/T29Q8MDg2PjEZjY+ObvlPzDJE3HNPxtnTNF6a0RT6QgS m2XE9olm6Kgl5dbe0X6sLzpWNvBPuuKFpaxZZlaWgBU7l8SZZ iCUpRGPGfQO2ABDqRcWLX2MEuHBiowYKAjYCxCQ0+f9tQQXCZ K6LBnMdIhvsChxhkbY2zBGdozFZ5rPBqu8PavG7V9EO1waeY/ HusjCNJD3RDTbqnW3qm919rNcIaLS/7POttrXBL0eOp3Nu/Kov nAHufqj89ByhjOfQq2bsbMq1bGG19/eCsmVtZTzbm6JJe2P8F PdId38CuvxpXWbF+zu1Xvzf7J9hcSKmUUrOLiXT6qP0Q/ZjGL Oa520tIYw0Z5PnUCk5wirPIkzKsTCiT7VQl0nm8CXwJZeYDs0 WLGg==</latexit>
x1
<latexit sha1_base64="4XInIIYE3MUklULhxV924ikg4ao=">AAACZHichVFNS 8NAEH2NX1WrrRZBEEQsFU9lIoLiqeDFY22tLWiVJG5raJqEJC3WIngWvOrBk4KC+DO8+Ac89A8I4rGCFw9O04KoqBOy+/btvNm3s6pt6K5H1AxIPb19/QPBwaHh0MhoO DI2vulaVUcTWc0yLCevKq4wdFNkPd0zRN52hFJRDZFTy6vt/VxNOK5umRte3RaFilIy9aKuKR5TmYMdeTcSowT5MfMTyF0QQzdSVuQG29iDBQ1VVCBgwmNsQIHL3xZkE GzmCmgw5zDS/X2BIwyxtspZgjMUZss8lni11WVNXrdrur5a41MM/h1WziBOj3RLLXqgO3qm919rNfwabS91ntWOVti74ZPJzNu/qgrPHvY/VX969lDEsu9VZ++2z7RvoX X0tcPzVmYlHW/M0RW9sP9LatI938CsvWrX6yJ9we2Xvzf7J9hcSMiUkNcXY8nkcechgpjCLOa520tIYg0pZPnUEk5xhvPAkxSSotJEJ1UKdB8vii8hTX8Ah7aLBA==</ latexit><latexit sha1_base64="4XInIIYE3MUklULhxV924ikg4ao=">AAACZHichVFNS 8NAEH2NX1WrrRZBEEQsFU9lIoLiqeDFY22tLWiVJG5raJqEJC3WIngWvOrBk4KC+DO8+Ac89A8I4rGCFw9O04KoqBOy+/btvNm3s6pt6K5H1AxIPb19/QPBwaHh0MhoO DI2vulaVUcTWc0yLCevKq4wdFNkPd0zRN52hFJRDZFTy6vt/VxNOK5umRte3RaFilIy9aKuKR5TmYMdeTcSowT5MfMTyF0QQzdSVuQG29iDBQ1VVCBgwmNsQIHL3xZkE GzmCmgw5zDS/X2BIwyxtspZgjMUZss8lni11WVNXrdrur5a41MM/h1WziBOj3RLLXqgO3qm919rNfwabS91ntWOVti74ZPJzNu/qgrPHvY/VX969lDEsu9VZ++2z7RvoX X0tcPzVmYlHW/M0RW9sP9LatI938CsvWrX6yJ9we2Xvzf7J9hcSMiUkNcXY8nkcechgpjCLOa520tIYg0pZPnUEk5xhvPAkxSSotJEJ1UKdB8vii8hTX8Ah7aLBA==</ latexit><latexit sha1_base64="4XInIIYE3MUklULhxV924ikg4ao=">AAACZHichVFNS 8NAEH2NX1WrrRZBEEQsFU9lIoLiqeDFY22tLWiVJG5raJqEJC3WIngWvOrBk4KC+DO8+Ac89A8I4rGCFw9O04KoqBOy+/btvNm3s6pt6K5H1AxIPb19/QPBwaHh0MhoO DI2vulaVUcTWc0yLCevKq4wdFNkPd0zRN52hFJRDZFTy6vt/VxNOK5umRte3RaFilIy9aKuKR5TmYMdeTcSowT5MfMTyF0QQzdSVuQG29iDBQ1VVCBgwmNsQIHL3xZkE GzmCmgw5zDS/X2BIwyxtspZgjMUZss8lni11WVNXrdrur5a41MM/h1WziBOj3RLLXqgO3qm919rNfwabS91ntWOVti74ZPJzNu/qgrPHvY/VX969lDEsu9VZ++2z7RvoX X0tcPzVmYlHW/M0RW9sP9LatI938CsvWrX6yJ9we2Xvzf7J9hcSMiUkNcXY8nkcechgpjCLOa520tIYg0pZPnUEk5xhvPAkxSSotJEJ1UKdB8vii8hTX8Ah7aLBA==</ latexit><latexit sha1_base64="4XInIIYE3MUklULhxV924ikg4ao=">AAACZHichVFNS 8NAEH2NX1WrrRZBEEQsFU9lIoLiqeDFY22tLWiVJG5raJqEJC3WIngWvOrBk4KC+DO8+Ac89A8I4rGCFw9O04KoqBOy+/btvNm3s6pt6K5H1AxIPb19/QPBwaHh0MhoO DI2vulaVUcTWc0yLCevKq4wdFNkPd0zRN52hFJRDZFTy6vt/VxNOK5umRte3RaFilIy9aKuKR5TmYMdeTcSowT5MfMTyF0QQzdSVuQG29iDBQ1VVCBgwmNsQIHL3xZkE GzmCmgw5zDS/X2BIwyxtspZgjMUZss8lni11WVNXrdrur5a41MM/h1WziBOj3RLLXqgO3qm919rNfwabS91ntWOVti74ZPJzNu/qgrPHvY/VX969lDEsu9VZ++2z7RvoX X0tcPzVmYlHW/M0RW9sP9LatI938CsvWrX6yJ9we2Xvzf7J9hcSMiUkNcXY8nkcechgpjCLOa520tIYg0pZPnUEk5xhvPAkxSSotJEJ1UKdB8vii8hTX8Ah7aLBA==</ latexit>
x2
<latexit sha1_base64="5dN1eGjd1fJe ISIJqa9GsAfjGws=">AAACZHichVFNS8NAEH2N37XaahEEQcSieCqTIiieCl48Vmtb odaSxLWGpklI0qIWwbPg1R48KSiIP8OLf8BD/4AgHit48eA0LYiKOiG7b9/Om307q9 qG7npEzYDU09vXPzA4FBwOjYyGI2PjWdeqOprIaJZhOVuq4gpDN0XG0z1DbNmOUCqqI XJqebW9n6sJx9Utc9M7tEWhopRMfU/XFI+p9MFOohiJUZz8mPkJ5C6IoRspK3KDbez CgoYqKhAw4TE2oMDlLw8ZBJu5AurMOYx0f1/gGEHWVjlLcIbCbJnHEq/yXdbkdbum6 6s1PsXg32HlDObokW6pRQ90R8/0/mutul+j7eWQZ7WjFXYxfDqZfvtXVeHZw/6n6k/ PHvaw7HvV2bvtM+1baB197ajRSq9szNXn6Ype2P8lNemeb2DWXrXrdbFxwe2Xvzf7J8 gm4jLF5fXFWDJ50nmIQUxhFgvc7SUksYYUMnxqCWc4RyPwJIWkqDTRSZUC3ceL4ktI 0x+JtIsF</latexit><latexit sha1_base64="5dN1eGjd1fJe ISIJqa9GsAfjGws=">AAACZHichVFNS8NAEH2N37XaahEEQcSieCqTIiieCl48Vmtb odaSxLWGpklI0qIWwbPg1R48KSiIP8OLf8BD/4AgHit48eA0LYiKOiG7b9/Om307q9 qG7npEzYDU09vXPzA4FBwOjYyGI2PjWdeqOprIaJZhOVuq4gpDN0XG0z1DbNmOUCqqI XJqebW9n6sJx9Utc9M7tEWhopRMfU/XFI+p9MFOohiJUZz8mPkJ5C6IoRspK3KDbez CgoYqKhAw4TE2oMDlLw8ZBJu5AurMOYx0f1/gGEHWVjlLcIbCbJnHEq/yXdbkdbum6 6s1PsXg32HlDObokW6pRQ90R8/0/mutul+j7eWQZ7WjFXYxfDqZfvtXVeHZw/6n6k/ PHvaw7HvV2bvtM+1baB197ajRSq9szNXn6Ype2P8lNemeb2DWXrXrdbFxwe2Xvzf7J8 gm4jLF5fXFWDJ50nmIQUxhFgvc7SUksYYUMnxqCWc4RyPwJIWkqDTRSZUC3ceL4ktI 0x+JtIsF</latexit><latexit sha1_base64="5dN1eGjd1fJe ISIJqa9GsAfjGws=">AAACZHichVFNS8NAEH2N37XaahEEQcSieCqTIiieCl48Vmtb odaSxLWGpklI0qIWwbPg1R48KSiIP8OLf8BD/4AgHit48eA0LYiKOiG7b9/Om307q9 qG7npEzYDU09vXPzA4FBwOjYyGI2PjWdeqOprIaJZhOVuq4gpDN0XG0z1DbNmOUCqqI XJqebW9n6sJx9Utc9M7tEWhopRMfU/XFI+p9MFOohiJUZz8mPkJ5C6IoRspK3KDbez CgoYqKhAw4TE2oMDlLw8ZBJu5AurMOYx0f1/gGEHWVjlLcIbCbJnHEq/yXdbkdbum6 6s1PsXg32HlDObokW6pRQ90R8/0/mutul+j7eWQZ7WjFXYxfDqZfvtXVeHZw/6n6k/ PHvaw7HvV2bvtM+1baB197ajRSq9szNXn6Ype2P8lNemeb2DWXrXrdbFxwe2Xvzf7J8 gm4jLF5fXFWDJ50nmIQUxhFgvc7SUksYYUMnxqCWc4RyPwJIWkqDTRSZUC3ceL4ktI 0x+JtIsF</latexit><latexit sha1_base64="5dN1eGjd1fJe ISIJqa9GsAfjGws=">AAACZHichVFNS8NAEH2N37XaahEEQcSieCqTIiieCl48Vmtb odaSxLWGpklI0qIWwbPg1R48KSiIP8OLf8BD/4AgHit48eA0LYiKOiG7b9/Om307q9 qG7npEzYDU09vXPzA4FBwOjYyGI2PjWdeqOprIaJZhOVuq4gpDN0XG0z1DbNmOUCqqI XJqebW9n6sJx9Utc9M7tEWhopRMfU/XFI+p9MFOohiJUZz8mPkJ5C6IoRspK3KDbez CgoYqKhAw4TE2oMDlLw8ZBJu5AurMOYx0f1/gGEHWVjlLcIbCbJnHEq/yXdbkdbum6 6s1PsXg32HlDObokW6pRQ90R8/0/mutul+j7eWQZ7WjFXYxfDqZfvtXVeHZw/6n6k/ PHvaw7HvV2bvtM+1baB197ajRSq9szNXn6Ype2P8lNemeb2DWXrXrdbFxwe2Xvzf7J8 gm4jLF5fXFWDJ50nmIQUxhFgvc7SUksYYUMnxqCWc4RyPwJIWkqDTRSZUC3ceL4ktI 0x+JtIsF</latexit>
(  log |z|, i log z/|z|)
<latexit sha1_base64="KKo4n1bh8lTn5bdEn8FMSp7xTfo=">AAACf3ichVHLSitBED0Z3+9c3Qi6CAZfoLHmIvhYBdy49BUVjISZsRMb58XMJGCiIC79AR euFBTlrq6/4MYfcOEniEsFNy6smQRERa2mu6tO16k+Xa27pvQDovuYUlff0NjU3NLa1t7R2RX/073qO0XPEBnDMR1vXdd8YUpbZAIZmGLd9YRm6aZY03fmwvO1kvB86dgrwa4rNi2tYMu8NLSAoVy8f2Q8azqFvfLeWCXrWQm5H4aJ8gQjo7l4klIUWeKro9acJGq24MQvkMUWHBgowoKAjYB9Exp8HhtQQXAZ20SFMY89GZ0L7 KOVuUXOEpyhMbrDa4GjjRpqcxzW9CO2wbeYPD1mJjBId3RFT3RL/+iBXr+tVYlqhFp2ederXOHmuo56l19+ZVm8B9h+Z/2oOUAe05FWydrdCAlfYVT5pfLx0/Ls0mBliM7okfWf0j3d8Avs0rNxviiWTrj96udmf3VW/6ZUSqmLk8l0+qD6Ec3owwBGuNtTSGMeC8jwrYe4xH9cKzFlWEkpVE1VYrXP68EHU2beAJjzlHg=</la texit><latexit sha1_base64="KKo4n1bh8lTn5bdEn8FMSp7xTfo=">AAACf3ichVHLSitBED0Z3+9c3Qi6CAZfoLHmIvhYBdy49BUVjISZsRMb58XMJGCiIC79AR euFBTlrq6/4MYfcOEniEsFNy6smQRERa2mu6tO16k+Xa27pvQDovuYUlff0NjU3NLa1t7R2RX/073qO0XPEBnDMR1vXdd8YUpbZAIZmGLd9YRm6aZY03fmwvO1kvB86dgrwa4rNi2tYMu8NLSAoVy8f2Q8azqFvfLeWCXrWQm5H4aJ8gQjo7l4klIUWeKro9acJGq24MQvkMUWHBgowoKAjYB9Exp8HhtQQXAZ20SFMY89GZ0L7 KOVuUXOEpyhMbrDa4GjjRpqcxzW9CO2wbeYPD1mJjBId3RFT3RL/+iBXr+tVYlqhFp2ederXOHmuo56l19+ZVm8B9h+Z/2oOUAe05FWydrdCAlfYVT5pfLx0/Ls0mBliM7okfWf0j3d8Avs0rNxviiWTrj96udmf3VW/6ZUSqmLk8l0+qD6Ec3owwBGuNtTSGMeC8jwrYe4xH9cKzFlWEkpVE1VYrXP68EHU2beAJjzlHg=</la texit><latexit sha1_base64="KKo4n1bh8lTn5bdEn8FMSp7xTfo=">AAACf3ichVHLSitBED0Z3+9c3Qi6CAZfoLHmIvhYBdy49BUVjISZsRMb58XMJGCiIC79AR euFBTlrq6/4MYfcOEniEsFNy6smQRERa2mu6tO16k+Xa27pvQDovuYUlff0NjU3NLa1t7R2RX/073qO0XPEBnDMR1vXdd8YUpbZAIZmGLd9YRm6aZY03fmwvO1kvB86dgrwa4rNi2tYMu8NLSAoVy8f2Q8azqFvfLeWCXrWQm5H4aJ8gQjo7l4klIUWeKro9acJGq24MQvkMUWHBgowoKAjYB9Exp8HhtQQXAZ20SFMY89GZ0L7 KOVuUXOEpyhMbrDa4GjjRpqcxzW9CO2wbeYPD1mJjBId3RFT3RL/+iBXr+tVYlqhFp2ederXOHmuo56l19+ZVm8B9h+Z/2oOUAe05FWydrdCAlfYVT5pfLx0/Ls0mBliM7okfWf0j3d8Avs0rNxviiWTrj96udmf3VW/6ZUSqmLk8l0+qD6Ec3owwBGuNtTSGMeC8jwrYe4xH9cKzFlWEkpVE1VYrXP68EHU2beAJjzlHg=</la texit><latexit sha1_base64="KKo4n1bh8lTn5bdEn8FMSp7xTfo=">AAACf3ichVHLSitBED0Z3+9c3Qi6CAZfoLHmIvhYBdy49BUVjISZsRMb58XMJGCiIC79AR euFBTlrq6/4MYfcOEniEsFNy6smQRERa2mu6tO16k+Xa27pvQDovuYUlff0NjU3NLa1t7R2RX/073qO0XPEBnDMR1vXdd8YUpbZAIZmGLd9YRm6aZY03fmwvO1kvB86dgrwa4rNi2tYMu8NLSAoVy8f2Q8azqFvfLeWCXrWQm5H4aJ8gQjo7l4klIUWeKro9acJGq24MQvkMUWHBgowoKAjYB9Exp8HhtQQXAZ20SFMY89GZ0L7 KOVuUXOEpyhMbrDa4GjjRpqcxzW9CO2wbeYPD1mJjBId3RFT3RL/+iBXr+tVYlqhFp2ederXOHmuo56l19+ZVm8B9h+Z/2oOUAe05FWydrdCAlfYVT5pfLx0/Ls0mBliM7okfWf0j3d8Avs0rNxviiWTrj96udmf3VW/6ZUSqmLk8l0+qD6Ec3owwBGuNtTSGMeC8jwrYe4xH9cKzFlWEkpVE1VYrXP68EHU2beAJjzlHg=</la texit>
(  log |z|, 0)
<latexit sha1_base64="Bb7F8mnx8/tXpAoxN6YvjmXKf3s=">AAACbXichVHLSsNAFD2Nr1pfVREERcSiVtByI4LiquDGZbVWBSu SxGkNpklI0kIfgms/QBcufICC+Blu/AEX/QRx4ULBjQtv04KoqDdk5syZe+6cuaPahu56RNWA1NTc0toWbA91dHZ194R7+9ZdK+9oIqVZhuVsqoorDN0UKU/3DLFpO0LJqYbYUPeXavsbBeG4umWueUVbbOeUrKlndE3xmEpHZ9KGla2UKtM0tROOUIz8GP0J5AaIoBEJK3yNN HZhQUMeOQiY8BgbUODytwUZBJu5bZSZcxjp/r7AAUKszXOW4AyF2X0es7zaarAmr2s1XV+t8SkG/w4rRzFOD3RDL3RPt/RI77/WKvs1al6KPKt1rbB3eo4Gk2//qnI8e9j7VP3p2UMGC75Xnb3bPlO7hVbXF0onL8nF1fHyBF3SE/u/oCrd8Q3Mwqt2tSJWT7n98vdm/wTrsz GZYvLKXCQeP6w/RBBDGEOUuz2POJaRQIpPtXGMM5wHnqUBaVgaqadKgcbj9eNLSJMfrZ6OQQ==</latexit><latexit sha1_base64="Bb7F8mnx8/tXpAoxN6YvjmXKf3s=">AAACbXichVHLSsNAFD2Nr1pfVREERcSiVtByI4LiquDGZbVWBSu SxGkNpklI0kIfgms/QBcufICC+Blu/AEX/QRx4ULBjQtv04KoqDdk5syZe+6cuaPahu56RNWA1NTc0toWbA91dHZ194R7+9ZdK+9oIqVZhuVsqoorDN0UKU/3DLFpO0LJqYbYUPeXavsbBeG4umWueUVbbOeUrKlndE3xmEpHZ9KGla2UKtM0tROOUIz8GP0J5AaIoBEJK3yNN HZhQUMeOQiY8BgbUODytwUZBJu5bZSZcxjp/r7AAUKszXOW4AyF2X0es7zaarAmr2s1XV+t8SkG/w4rRzFOD3RDL3RPt/RI77/WKvs1al6KPKt1rbB3eo4Gk2//qnI8e9j7VP3p2UMGC75Xnb3bPlO7hVbXF0onL8nF1fHyBF3SE/u/oCrd8Q3Mwqt2tSJWT7n98vdm/wTrsz GZYvLKXCQeP6w/RBBDGEOUuz2POJaRQIpPtXGMM5wHnqUBaVgaqadKgcbj9eNLSJMfrZ6OQQ==</latexit><latexit sha1_base64="Bb7F8mnx8/tXpAoxN6YvjmXKf3s=">AAACbXichVHLSsNAFD2Nr1pfVREERcSiVtByI4LiquDGZbVWBSu SxGkNpklI0kIfgms/QBcufICC+Blu/AEX/QRx4ULBjQtv04KoqDdk5syZe+6cuaPahu56RNWA1NTc0toWbA91dHZ194R7+9ZdK+9oIqVZhuVsqoorDN0UKU/3DLFpO0LJqYbYUPeXavsbBeG4umWueUVbbOeUrKlndE3xmEpHZ9KGla2UKtM0tROOUIz8GP0J5AaIoBEJK3yNN HZhQUMeOQiY8BgbUODytwUZBJu5bZSZcxjp/r7AAUKszXOW4AyF2X0es7zaarAmr2s1XV+t8SkG/w4rRzFOD3RDL3RPt/RI77/WKvs1al6KPKt1rbB3eo4Gk2//qnI8e9j7VP3p2UMGC75Xnb3bPlO7hVbXF0onL8nF1fHyBF3SE/u/oCrd8Q3Mwqt2tSJWT7n98vdm/wTrsz GZYvLKXCQeP6w/RBBDGEOUuz2POJaRQIpPtXGMM5wHnqUBaVgaqadKgcbj9eNLSJMfrZ6OQQ==</latexit><latexit sha1_base64="Bb7F8mnx8/tXpAoxN6YvjmXKf3s=">AAACbXichVHLSsNAFD2Nr1pfVREERcSiVtByI4LiquDGZbVWBSu SxGkNpklI0kIfgms/QBcufICC+Blu/AEX/QRx4ULBjQtv04KoqDdk5syZe+6cuaPahu56RNWA1NTc0toWbA91dHZ194R7+9ZdK+9oIqVZhuVsqoorDN0UKU/3DLFpO0LJqYbYUPeXavsbBeG4umWueUVbbOeUrKlndE3xmEpHZ9KGla2UKtM0tROOUIz8GP0J5AaIoBEJK3yNN HZhQUMeOQiY8BgbUODytwUZBJu5bZSZcxjp/r7AAUKszXOW4AyF2X0es7zaarAmr2s1XV+t8SkG/w4rRzFOD3RDL3RPt/RI77/WKvs1al6KPKt1rbB3eo4Gk2//qnI8e9j7VP3p2UMGC75Xnb3bPlO7hVbXF0onL8nF1fHyBF3SE/u/oCrd8Q3Mwqt2tSJWT7n98vdm/wTrsz GZYvLKXCQeP6w/RBBDGEOUuz2POJaRQIpPtXGMM5wHnqUBaVgaqadKgcbj9eNLSJMfrZ6OQQ==</latexit>
(C 1)⇤g =  2(e x
1
)e 2x
1
((dx1)2 + (dx2)2)
<latexit sha1_base64="wJirUB/oQXhs0xdy FKvEIlpxUIw=">AAACsXichVFNaxRBEH2Z+BFjYjZ6Ebw0LgmzSpaaMWAQhIVccpJ8bRLJZtaZ SWfT7HwxM7sYhwXP/gEPOSkoiFf/gRf/gIfkqhfJMQEvHqyZXQgmJNYwXa9e16uurnYiTyUp0cG QNnzl6rXrIzdGb46N35ooTd5eS8JO7Mq6G3phvOHYifRUIOupSj25EcXS9h1Prjvt+Xx/vSvjRI XBaroXyS3fbgVqR7l2ylSz9Eyft7IZo1cRlsjEA9ETLfG0kaiWb1umnjViX8geZ7y0OOc0NPNY 17fZVSzzYQ5MBpVmqUxVKkycB8YAlDGwxbD0EQ1sI4SLDnxIBEgZe7CR8LcJA4SIuS1kzMWMVLE v0cMoazucJTnDZrbNa4ujzQEbcJzXTAq1y6d4/MesFJii7/SJjukbfaZf9OfCWllRI+9lj73T18 qoOfHm7srv/6p89il2T1WX9pxiB3NFr4p7jwomv4Xb13dfvT1eebI8lU3Tezri/t/RAX3lGwTd E/fDklze5/EbZ4d9HqyZVYOqxtJsuVZ73X+IEdzDfeg87ceoYQGLqPOpX3CIH/ipPdKeay80p5+ qDQ0e7w7+Ma39F+3CpGI=</latexit><latexit sha1_base64="wJirUB/oQXhs0xdy FKvEIlpxUIw=">AAACsXichVFNaxRBEH2Z+BFjYjZ6Ebw0LgmzSpaaMWAQhIVccpJ8bRLJZtaZ SWfT7HwxM7sYhwXP/gEPOSkoiFf/gRf/gIfkqhfJMQEvHqyZXQgmJNYwXa9e16uurnYiTyUp0cG QNnzl6rXrIzdGb46N35ooTd5eS8JO7Mq6G3phvOHYifRUIOupSj25EcXS9h1Prjvt+Xx/vSvjRI XBaroXyS3fbgVqR7l2ylSz9Eyft7IZo1cRlsjEA9ETLfG0kaiWb1umnjViX8geZ7y0OOc0NPNY 17fZVSzzYQ5MBpVmqUxVKkycB8YAlDGwxbD0EQ1sI4SLDnxIBEgZe7CR8LcJA4SIuS1kzMWMVLE v0cMoazucJTnDZrbNa4ujzQEbcJzXTAq1y6d4/MesFJii7/SJjukbfaZf9OfCWllRI+9lj73T18 qoOfHm7srv/6p89il2T1WX9pxiB3NFr4p7jwomv4Xb13dfvT1eebI8lU3Tezri/t/RAX3lGwTd E/fDklze5/EbZ4d9HqyZVYOqxtJsuVZ73X+IEdzDfeg87ceoYQGLqPOpX3CIH/ipPdKeay80p5+ qDQ0e7w7+Ma39F+3CpGI=</latexit><latexit sha1_base64="wJirUB/oQXhs0xdy FKvEIlpxUIw=">AAACsXichVFNaxRBEH2Z+BFjYjZ6Ebw0LgmzSpaaMWAQhIVccpJ8bRLJZtaZ SWfT7HwxM7sYhwXP/gEPOSkoiFf/gRf/gIfkqhfJMQEvHqyZXQgmJNYwXa9e16uurnYiTyUp0cG QNnzl6rXrIzdGb46N35ooTd5eS8JO7Mq6G3phvOHYifRUIOupSj25EcXS9h1Prjvt+Xx/vSvjRI XBaroXyS3fbgVqR7l2ylSz9Eyft7IZo1cRlsjEA9ETLfG0kaiWb1umnjViX8geZ7y0OOc0NPNY 17fZVSzzYQ5MBpVmqUxVKkycB8YAlDGwxbD0EQ1sI4SLDnxIBEgZe7CR8LcJA4SIuS1kzMWMVLE v0cMoazucJTnDZrbNa4ujzQEbcJzXTAq1y6d4/MesFJii7/SJjukbfaZf9OfCWllRI+9lj73T18 qoOfHm7srv/6p89il2T1WX9pxiB3NFr4p7jwomv4Xb13dfvT1eebI8lU3Tezri/t/RAX3lGwTd E/fDklze5/EbZ4d9HqyZVYOqxtJsuVZ73X+IEdzDfeg87ceoYQGLqPOpX3CIH/ipPdKeay80p5+ qDQ0e7w7+Ma39F+3CpGI=</latexit><latexit sha1_base64="wJirUB/oQXhs0xdy FKvEIlpxUIw=">AAACsXichVFNaxRBEH2Z+BFjYjZ6Ebw0LgmzSpaaMWAQhIVccpJ8bRLJZtaZ SWfT7HwxM7sYhwXP/gEPOSkoiFf/gRf/gIfkqhfJMQEvHqyZXQgmJNYwXa9e16uurnYiTyUp0cG QNnzl6rXrIzdGb46N35ooTd5eS8JO7Mq6G3phvOHYifRUIOupSj25EcXS9h1Prjvt+Xx/vSvjRI XBaroXyS3fbgVqR7l2ylSz9Eyft7IZo1cRlsjEA9ETLfG0kaiWb1umnjViX8geZ7y0OOc0NPNY 17fZVSzzYQ5MBpVmqUxVKkycB8YAlDGwxbD0EQ1sI4SLDnxIBEgZe7CR8LcJA4SIuS1kzMWMVLE v0cMoazucJTnDZrbNa4ujzQEbcJzXTAq1y6d4/MesFJii7/SJjukbfaZf9OfCWllRI+9lj73T18 qoOfHm7srv/6p89il2T1WX9pxiB3NFr4p7jwomv4Xb13dfvT1eebI8lU3Tezri/t/RAX3lGwTd E/fDklze5/EbZ4d9HqyZVYOqxtJsuVZ73X+IEdzDfeg87ceoYQGLqPOpX3CIH/ipPdKeay80p5+ qDQ0e7w7+Ma39F+3CpGI=</latexit>
(c 1)⇤g =  2(|z|)|dz|2
<latexit sha1_base64="gIWRsT+K/xmj6bU5yw1VUdjwgoQ=">AAACinicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQuoayTHVesa1moq xClUK2gp1CqkK9jGFGem5ybGGWnUVNVo1qRU1cQZxQsoG+gZgIECJsMQylBmgIKAfIFlDDEMKQz5DMkMpQy5DKkMeQwlQHYOQyJDMRBGMxgyGDAUAMViGaqBYkVAViZYPpWhloELqLcUqCoVqCIRKJoNJNOBvGioaB6QDzKzGKw7GWhLDhAXAXUqMKgaXDVYafDZ4ITBaoOXBn9wmlUNNgPklkognQTRm1oQz98lEfydoK5cIF3CkIHQhdfNJQxpDBZgt2YC3V4AFgH5Ihmiv6xq+udgqyDVajWDRQavge5faHDT4DDQB3llX5KXBqYGzQYGvyF6YGMywoz0DA30DANNlB0cGiARwcEgzaDEoAEMbXMGBwYPhgCGUKCtvQybGfYw7GXiYTJismSyhihlYoR GnjADCmByAQDLV5cJ</latexit><latexit sha1_base64="gIWRsT+K/xmj6bU5yw1VUdjwgoQ=">AAACinicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQuoayTHVesa1moq xClUK2gp1CqkK9jGFGem5ybGGWnUVNVo1qRU1cQZxQsoG+gZgIECJsMQylBmgIKAfIFlDDEMKQz5DMkMpQy5DKkMeQwlQHYOQyJDMRBGMxgyGDAUAMViGaqBYkVAViZYPpWhloELqLcUqCoVqCIRKJoNJNOBvGioaB6QDzKzGKw7GWhLDhAXAXUqMKgaXDVYafDZ4ITBaoOXBn9wmlUNNgPklkognQTRm1oQz98lEfydoK5cIF3CkIHQhdfNJQxpDBZgt2YC3V4AFgH5Ihmiv6xq+udgqyDVajWDRQavge5faHDT4DDQB3llX5KXBqYGzQYGvyF6YGMywoz0DA30DANNlB0cGiARwcEgzaDEoAEMbXMGBwYPhgCGUKCtvQybGfYw7GXiYTJismSyhihlYoR GnjADCmByAQDLV5cJ</latexit><latexit sha1_base64="gIWRsT+K/xmj6bU5yw1VUdjwgoQ=">AAACinicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQuoayTHVesa1moq xClUK2gp1CqkK9jGFGem5ybGGWnUVNVo1qRU1cQZxQsoG+gZgIECJsMQylBmgIKAfIFlDDEMKQz5DMkMpQy5DKkMeQwlQHYOQyJDMRBGMxgyGDAUAMViGaqBYkVAViZYPpWhloELqLcUqCoVqCIRKJoNJNOBvGioaB6QDzKzGKw7GWhLDhAXAXUqMKgaXDVYafDZ4ITBaoOXBn9wmlUNNgPklkognQTRm1oQz98lEfydoK5cIF3CkIHQhdfNJQxpDBZgt2YC3V4AFgH5Ihmiv6xq+udgqyDVajWDRQavge5faHDT4DDQB3llX5KXBqYGzQYGvyF6YGMywoz0DA30DANNlB0cGiARwcEgzaDEoAEMbXMGBwYPhgCGUKCtvQybGfYw7GXiYTJismSyhihlYoR GnjADCmByAQDLV5cJ</latexit><latexit sha1_base64="gIWRsT+K/xmj6bU5yw1VUdjwgoQ=">AAACinicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQuoayTHVesa1moq xClUK2gp1CqkK9jGFGem5ybGGWnUVNVo1qRU1cQZxQsoG+gZgIECJsMQylBmgIKAfIFlDDEMKQz5DMkMpQy5DKkMeQwlQHYOQyJDMRBGMxgyGDAUAMViGaqBYkVAViZYPpWhloELqLcUqCoVqCIRKJoNJNOBvGioaB6QDzKzGKw7GWhLDhAXAXUqMKgaXDVYafDZ4ITBaoOXBn9wmlUNNgPklkognQTRm1oQz98lEfydoK5cIF3CkIHQhdfNJQxpDBZgt2YC3V4AFgH5Ihmiv6xq+udgqyDVajWDRQavge5faHDT4DDQB3llX5KXBqYGzQYGvyF6YGMywoz0DA30DANNlB0cGiARwcEgzaDEoAEMbXMGBwYPhgCGUKCtvQybGfYw7GXiYTJismSyhihlYoR GnjADCmByAQDLV5cJ</latexit>
Re
<latexit sha1_base64="72dnvyYLP50ljUXtynwZkAYoeHo=">AAACaXichVE7S8NQFD6Nr1ofbXUpuhRDxamciKA4FVwc+7APaEtJ4m0N5kWSFmooODu6ONRFQU H8GS7+AYf+BOlYwcXBkzQgWtQTbu53v3u+c797rmSqiu0gDkLc1PTM7Fx4PrKwuLQcjcVXSrbRtmRWlA3VsCqSaDNV0VnRURyVVUyLiZqksrJ0euDtlzvMshVDP3K6JqtrYktXmoosOkRV3JqlJfOs14jxmEY/kpNACAAPQWSN2D3U4BgMkKENGjDQwSGsggg2fVUQAMEkrg4ucRYhxd9n0IMIaduUxShDJPaU/i1aVQNWp7VX0/bVMp2i0 rBImYQUvuADjvAZH/EVP36t5fo1PC9dmqWxlpmN6EWi8P6vSqPZgZMv1Z+eHWjCnu9VIe+mz3i3kMf6ztnVqLCfT7mbeItD8n+DA3yiG+idN/kux/J9ar/ws9mToLSdFjAt5Hb4TOZ8/BBhWIcN2KJu70IGDiELRb/Ll9CH69CQi3MJbm2cyoWCx1uFb8Hxn06HjTk=</latexit><latexit sha1_base64="72dnvyYLP50ljUXtynwZkAYoeHo=">AAACaXichVE7S8NQFD6Nr1ofbXUpuhRDxamciKA4FVwc+7APaEtJ4m0N5kWSFmooODu6ONRFQU H8GS7+AYf+BOlYwcXBkzQgWtQTbu53v3u+c797rmSqiu0gDkLc1PTM7Fx4PrKwuLQcjcVXSrbRtmRWlA3VsCqSaDNV0VnRURyVVUyLiZqksrJ0euDtlzvMshVDP3K6JqtrYktXmoosOkRV3JqlJfOs14jxmEY/kpNACAAPQWSN2D3U4BgMkKENGjDQwSGsggg2fVUQAMEkrg4ucRYhxd9n0IMIaduUxShDJPaU/i1aVQNWp7VX0/bVMp2i0 rBImYQUvuADjvAZH/EVP36t5fo1PC9dmqWxlpmN6EWi8P6vSqPZgZMv1Z+eHWjCnu9VIe+mz3i3kMf6ztnVqLCfT7mbeItD8n+DA3yiG+idN/kux/J9ar/ws9mToLSdFjAt5Hb4TOZ8/BBhWIcN2KJu70IGDiELRb/Ll9CH69CQi3MJbm2cyoWCx1uFb8Hxn06HjTk=</latexit><latexit sha1_base64="72dnvyYLP50ljUXtynwZkAYoeHo=">AAACaXichVE7S8NQFD6Nr1ofbXUpuhRDxamciKA4FVwc+7APaEtJ4m0N5kWSFmooODu6ONRFQU H8GS7+AYf+BOlYwcXBkzQgWtQTbu53v3u+c797rmSqiu0gDkLc1PTM7Fx4PrKwuLQcjcVXSrbRtmRWlA3VsCqSaDNV0VnRURyVVUyLiZqksrJ0euDtlzvMshVDP3K6JqtrYktXmoosOkRV3JqlJfOs14jxmEY/kpNACAAPQWSN2D3U4BgMkKENGjDQwSGsggg2fVUQAMEkrg4ucRYhxd9n0IMIaduUxShDJPaU/i1aVQNWp7VX0/bVMp2i0 rBImYQUvuADjvAZH/EVP36t5fo1PC9dmqWxlpmN6EWi8P6vSqPZgZMv1Z+eHWjCnu9VIe+mz3i3kMf6ztnVqLCfT7mbeItD8n+DA3yiG+idN/kux/J9ar/ws9mToLSdFjAt5Hb4TOZ8/BBhWIcN2KJu70IGDiELRb/Ll9CH69CQi3MJbm2cyoWCx1uFb8Hxn06HjTk=</latexit><latexit sha1_base64="72dnvyYLP50ljUXtynwZkAYoeHo=">AAACaXichVE7S8NQFD6Nr1ofbXUpuhRDxamciKA4FVwc+7APaEtJ4m0N5kWSFmooODu6ONRFQU H8GS7+AYf+BOlYwcXBkzQgWtQTbu53v3u+c797rmSqiu0gDkLc1PTM7Fx4PrKwuLQcjcVXSrbRtmRWlA3VsCqSaDNV0VnRURyVVUyLiZqksrJ0euDtlzvMshVDP3K6JqtrYktXmoosOkRV3JqlJfOs14jxmEY/kpNACAAPQWSN2D3U4BgMkKENGjDQwSGsggg2fVUQAMEkrg4ucRYhxd9n0IMIaduUxShDJPaU/i1aVQNWp7VX0/bVMp2i0 rBImYQUvuADjvAZH/EVP36t5fo1PC9dmqWxlpmN6EWi8P6vSqPZgZMv1Z+eHWjCnu9VIe+mz3i3kMf6ztnVqLCfT7mbeItD8n+DA3yiG+idN/kux/J9ar/ws9mToLSdFjAt5Hb4TOZ8/BBhWIcN2KJu70IGDiELRb/Ll9CH69CQi3MJbm2cyoWCx1uFb8Hxn06HjTk=</latexit>
z
<latexit sha1_base64="9RTkXYDojpH7EGstyDcCRRNty0s=">AAACYnichVE9SwNBEH05v2L8SGIaQYtgUKzCnAiKVcDGMjFGAzHI3bmJR+6Lu0tAg2CtrWJhpaAg/gwb/4BFehuxVLCxcHIJiAZ1jtt9+3be7NtZ 1TF0zydqhaS+/oHBofBwZGR0bDwai09senbd1URBsw3bLaqKJwzdEgVf9w1RdFyhmKohttTaant/qyFcT7etDX/fEWVTqVp6RdcUn6ncwU4sRWkKItkL5C5IoRtZO3aDbezChoY6TAhY8BkbUODxV4IMgsNcGU3mXEZ6sC9wiAhr65wlOENhtsZjlVelLmvxul3TC9Qan2Lw77IyiVl6pFt6pQe6o2f6+LVWM6jR9rLPs9rRCmcnejyZf/9XZfLsY+9L9adnHxUsB1519u4ETPsWWkffODh/za+szzbn6Ipe2P8lteieb2A13rTrnFi/4PbLP5vd CzYX0jKl5dxiKpM56jxEGFOYwTx3ewkZrCGLAp8qcIJTnIWepIgUlxKdVCnUfbwEvoU0/QkitYpj</latexit><latexit sha1_base64="9RTkXYDojpH7EGstyDcCRRNty0s=">AAACYnichVE9SwNBEH05v2L8SGIaQYtgUKzCnAiKVcDGMjFGAzHI3bmJR+6Lu0tAg2CtrWJhpaAg/gwb/4BFehuxVLCxcHIJiAZ1jtt9+3be7NtZ 1TF0zydqhaS+/oHBofBwZGR0bDwai09senbd1URBsw3bLaqKJwzdEgVf9w1RdFyhmKohttTaant/qyFcT7etDX/fEWVTqVp6RdcUn6ncwU4sRWkKItkL5C5IoRtZO3aDbezChoY6TAhY8BkbUODxV4IMgsNcGU3mXEZ6sC9wiAhr65wlOENhtsZjlVelLmvxul3TC9Qan2Lw77IyiVl6pFt6pQe6o2f6+LVWM6jR9rLPs9rRCmcnejyZf/9XZfLsY+9L9adnHxUsB1519u4ETPsWWkffODh/za+szzbn6Ipe2P8lteieb2A13rTrnFi/4PbLP5vd CzYX0jKl5dxiKpM56jxEGFOYwTx3ewkZrCGLAp8qcIJTnIWepIgUlxKdVCnUfbwEvoU0/QkitYpj</latexit><latexit sha1_base64="9RTkXYDojpH7EGstyDcCRRNty0s=">AAACYnichVE9SwNBEH05v2L8SGIaQYtgUKzCnAiKVcDGMjFGAzHI3bmJR+6Lu0tAg2CtrWJhpaAg/gwb/4BFehuxVLCxcHIJiAZ1jtt9+3be7NtZ 1TF0zydqhaS+/oHBofBwZGR0bDwai09senbd1URBsw3bLaqKJwzdEgVf9w1RdFyhmKohttTaant/qyFcT7etDX/fEWVTqVp6RdcUn6ncwU4sRWkKItkL5C5IoRtZO3aDbezChoY6TAhY8BkbUODxV4IMgsNcGU3mXEZ6sC9wiAhr65wlOENhtsZjlVelLmvxul3TC9Qan2Lw77IyiVl6pFt6pQe6o2f6+LVWM6jR9rLPs9rRCmcnejyZf/9XZfLsY+9L9adnHxUsB1519u4ETPsWWkffODh/za+szzbn6Ipe2P8lteieb2A13rTrnFi/4PbLP5vd CzYX0jKl5dxiKpM56jxEGFOYwTx3ewkZrCGLAp8qcIJTnIWepIgUlxKdVCnUfbwEvoU0/QkitYpj</latexit><latexit sha1_base64="9RTkXYDojpH7EGstyDcCRRNty0s=">AAACYnichVE9SwNBEH05v2L8SGIaQYtgUKzCnAiKVcDGMjFGAzHI3bmJR+6Lu0tAg2CtrWJhpaAg/gwb/4BFehuxVLCxcHIJiAZ1jtt9+3be7NtZ 1TF0zydqhaS+/oHBofBwZGR0bDwai09senbd1URBsw3bLaqKJwzdEgVf9w1RdFyhmKohttTaant/qyFcT7etDX/fEWVTqVp6RdcUn6ncwU4sRWkKItkL5C5IoRtZO3aDbezChoY6TAhY8BkbUODxV4IMgsNcGU3mXEZ6sC9wiAhr65wlOENhtsZjlVelLmvxul3TC9Qan2Lw77IyiVl6pFt6pQe6o2f6+LVWM6jR9rLPs9rRCmcnejyZf/9XZfLsY+9L9adnHxUsB1519u4ETPsWWkffODh/za+szzbn6Ipe2P8lteieb2A13rTrnFi/4PbLP5vd CzYX0jKl5dxiKpM56jxEGFOYwTx3ewkZrCGLAp8qcIJTnIWepIgUlxKdVCnUfbwEvoU0/QkitYpj</latexit>
|z|
<latexit sha1_base64="K6TGhFbgUd5oFu145kcDup5OKMg=">AAACZHichVHLSsNAFD2Nr/quFkEQRCyKq3IjguKq4MZla60KKpLEsQbzIkkLfQiuBbd24UpBQfwMN/6AC39AEJcKblx48wBRUW/IzJkz99w5c0d 1DN3ziR4SUlt7R2dXsrunt69/YDA1NLzm2RVXEyXNNmx3Q1U8YeiWKPm6b4gNxxWKqRpiXT1YCvbXq8L1dNta9WuO2DaVsqXv6ZriM1Vs1ps7qQxlKYyJn0COQQZx5O3UFbawCxsaKjAhYMFnbECBx98mZBAc5rbRYM5lpIf7AofoYW2FswRnKMwe8Fjm1WbMWrwOanqhWuNTDP5dVk5giu7pml7ojm7oid5/rdUIawReajyrkVY4O4PHo8W3f1Umzz72P1V/evaxh4XQq87enZAJbqFF+mq99VJcXJlqTNMFPbP/c3qgW76BVX3VLgti5Yz bL39v9k+wNpuVKSsX5jK53FH0EEmMYRIz3O155LCMPEp8ahknOEUr8Sj1SWlpJEqVEvHjpfElpPEPXROLbw==</latexit><latexit sha1_base64="K6TGhFbgUd5oFu145kcDup5OKMg=">AAACZHichVHLSsNAFD2Nr/quFkEQRCyKq3IjguKq4MZla60KKpLEsQbzIkkLfQiuBbd24UpBQfwMN/6AC39AEJcKblx48wBRUW/IzJkz99w5c0d 1DN3ziR4SUlt7R2dXsrunt69/YDA1NLzm2RVXEyXNNmx3Q1U8YeiWKPm6b4gNxxWKqRpiXT1YCvbXq8L1dNta9WuO2DaVsqXv6ZriM1Vs1ps7qQxlKYyJn0COQQZx5O3UFbawCxsaKjAhYMFnbECBx98mZBAc5rbRYM5lpIf7AofoYW2FswRnKMwe8Fjm1WbMWrwOanqhWuNTDP5dVk5giu7pml7ojm7oid5/rdUIawReajyrkVY4O4PHo8W3f1Umzz72P1V/evaxh4XQq87enZAJbqFF+mq99VJcXJlqTNMFPbP/c3qgW76BVX3VLgti5Yz bL39v9k+wNpuVKSsX5jK53FH0EEmMYRIz3O155LCMPEp8ahknOEUr8Sj1SWlpJEqVEvHjpfElpPEPXROLbw==</latexit><latexit sha1_base64="K6TGhFbgUd5oFu145kcDup5OKMg=">AAACZHichVHLSsNAFD2Nr/quFkEQRCyKq3IjguKq4MZla60KKpLEsQbzIkkLfQiuBbd24UpBQfwMN/6AC39AEJcKblx48wBRUW/IzJkz99w5c0d 1DN3ziR4SUlt7R2dXsrunt69/YDA1NLzm2RVXEyXNNmx3Q1U8YeiWKPm6b4gNxxWKqRpiXT1YCvbXq8L1dNta9WuO2DaVsqXv6ZriM1Vs1ps7qQxlKYyJn0COQQZx5O3UFbawCxsaKjAhYMFnbECBx98mZBAc5rbRYM5lpIf7AofoYW2FswRnKMwe8Fjm1WbMWrwOanqhWuNTDP5dVk5giu7pml7ojm7oid5/rdUIawReajyrkVY4O4PHo8W3f1Umzz72P1V/evaxh4XQq87enZAJbqFF+mq99VJcXJlqTNMFPbP/c3qgW76BVX3VLgti5Yz bL39v9k+wNpuVKSsX5jK53FH0EEmMYRIz3O155LCMPEp8ahknOEUr8Sj1SWlpJEqVEvHjpfElpPEPXROLbw==</latexit><latexit sha1_base64="K6TGhFbgUd5oFu145kcDup5OKMg=">AAACZHichVHLSsNAFD2Nr/quFkEQRCyKq3IjguKq4MZla60KKpLEsQbzIkkLfQiuBbd24UpBQfwMN/6AC39AEJcKblx48wBRUW/IzJkz99w5c0d 1DN3ziR4SUlt7R2dXsrunt69/YDA1NLzm2RVXEyXNNmx3Q1U8YeiWKPm6b4gNxxWKqRpiXT1YCvbXq8L1dNta9WuO2DaVsqXv6ZriM1Vs1ps7qQxlKYyJn0COQQZx5O3UFbawCxsaKjAhYMFnbECBx98mZBAc5rbRYM5lpIf7AofoYW2FswRnKMwe8Fjm1WbMWrwOanqhWuNTDP5dVk5giu7pml7ojm7oid5/rdUIawReajyrkVY4O4PHo8W3f1Umzz72P1V/evaxh4XQq87enZAJbqFF+mq99VJcXJlqTNMFPbP/c3qgW76BVX3VLgti5Yz bL39v9k+wNpuVKSsX5jK53FH0EEmMYRIz3O155LCMPEp8ahknOEUr8Sj1SWlpJEqVEvHjpfElpPEPXROLbw==</latexit>
Mflat
<latexit sha1_base64="owbo+VAG0KMkKJQEFasfQbqkHjE=">AAACbXichVG7SgNBFD1Z3/EVFUFQJBh8VOGuCIpVwMZGMIl RwUjYXSdxcV/sTgIaBGs/QAsLH6AgfoaNP2DhJ4iFhYKNhTebgKiod9mZM2fuuXPmju5ZZiCJHiJKU3NLa1t7R7Szq7unN9bXvxq4Zd8QOcO1XH9d1wJhmY7ISVNaYt3zhWbrlljTdxZq+2sV4Qem66zIXU9s2lrJMYumoUmm8kuFat6340VLk/uFWIKSFEb8J1Ab IIFGLLuxK+SxBRcGyrAh4EAytqAh4G8DKggec5uoMuczMsN9gX1EWVvmLMEZGrM7PJZ4tdFgHV7Xagah2uBTLP59VsYxTvd0TS90Rzf0SO+/1qqGNWpednnW61rhFXoPh7Jv/6psniW2P1V/epYoYi70arJ3L2RqtzDq+sre8Ut2PjNenaALemL/5/RAt3wDp/Jq XKZF5oTbr35v9k+wOp1UKammZxKp1EH9IdoxjDFMcbdnkcIilpHjUz0c4RRnkWdlUBlRRuupSqTxeAP4EsrkBycBjv0=</latexit><latexit sha1_base64="owbo+VAG0KMkKJQEFasfQbqkHjE=">AAACbXichVG7SgNBFD1Z3/EVFUFQJBh8VOGuCIpVwMZGMIl RwUjYXSdxcV/sTgIaBGs/QAsLH6AgfoaNP2DhJ4iFhYKNhTebgKiod9mZM2fuuXPmju5ZZiCJHiJKU3NLa1t7R7Szq7unN9bXvxq4Zd8QOcO1XH9d1wJhmY7ISVNaYt3zhWbrlljTdxZq+2sV4Qem66zIXU9s2lrJMYumoUmm8kuFat6340VLk/uFWIKSFEb8J1Ab IIFGLLuxK+SxBRcGyrAh4EAytqAh4G8DKggec5uoMuczMsN9gX1EWVvmLMEZGrM7PJZ4tdFgHV7Xagah2uBTLP59VsYxTvd0TS90Rzf0SO+/1qqGNWpednnW61rhFXoPh7Jv/6psniW2P1V/epYoYi70arJ3L2RqtzDq+sre8Ut2PjNenaALemL/5/RAt3wDp/Jq XKZF5oTbr35v9k+wOp1UKammZxKp1EH9IdoxjDFMcbdnkcIilpHjUz0c4RRnkWdlUBlRRuupSqTxeAP4EsrkBycBjv0=</latexit><latexit sha1_base64="owbo+VAG0KMkKJQEFasfQbqkHjE=">AAACbXichVG7SgNBFD1Z3/EVFUFQJBh8VOGuCIpVwMZGMIl RwUjYXSdxcV/sTgIaBGs/QAsLH6AgfoaNP2DhJ4iFhYKNhTebgKiod9mZM2fuuXPmju5ZZiCJHiJKU3NLa1t7R7Szq7unN9bXvxq4Zd8QOcO1XH9d1wJhmY7ISVNaYt3zhWbrlljTdxZq+2sV4Qem66zIXU9s2lrJMYumoUmm8kuFat6340VLk/uFWIKSFEb8J1Ab IIFGLLuxK+SxBRcGyrAh4EAytqAh4G8DKggec5uoMuczMsN9gX1EWVvmLMEZGrM7PJZ4tdFgHV7Xagah2uBTLP59VsYxTvd0TS90Rzf0SO+/1qqGNWpednnW61rhFXoPh7Jv/6psniW2P1V/epYoYi70arJ3L2RqtzDq+sre8Ut2PjNenaALemL/5/RAt3wDp/Jq XKZF5oTbr35v9k+wOp1UKammZxKp1EH9IdoxjDFMcbdnkcIilpHjUz0c4RRnkWdlUBlRRuupSqTxeAP4EsrkBycBjv0=</latexit><latexit sha1_base64="owbo+VAG0KMkKJQEFasfQbqkHjE=">AAACbXichVG7SgNBFD1Z3/EVFUFQJBh8VOGuCIpVwMZGMIl RwUjYXSdxcV/sTgIaBGs/QAsLH6AgfoaNP2DhJ4iFhYKNhTebgKiod9mZM2fuuXPmju5ZZiCJHiJKU3NLa1t7R7Szq7unN9bXvxq4Zd8QOcO1XH9d1wJhmY7ISVNaYt3zhWbrlljTdxZq+2sV4Qem66zIXU9s2lrJMYumoUmm8kuFat6340VLk/uFWIKSFEb8J1Ab IIFGLLuxK+SxBRcGyrAh4EAytqAh4G8DKggec5uoMuczMsN9gX1EWVvmLMEZGrM7PJZ4tdFgHV7Xagah2uBTLP59VsYxTvd0TS90Rzf0SO+/1qqGNWpednnW61rhFXoPh7Jv/6psniW2P1V/epYoYi70arJ3L2RqtzDq+sre8Ut2PjNenaALemL/5/RAt3wDp/Jq XKZF5oTbr35v9k+wOp1UKammZxKp1EH9IdoxjDFMcbdnkcIilpHjUz0c4RRnkWdlUBlRRuupSqTxeAP4EsrkBycBjv0=</latexit>
⇧i = Xt    i(s)
<latexit sha1_base64="HhJls2U5tkIsGN9QaHGGnXr5U24=">AAACfXichVHPSxtBFP6ytTamrcb2UuwlNEQUJLyVgiIIgV56TKIxgSQsu 9MxDu4vdicBDULO/Qd66KmFBqSH+j948R/owT9BPCp4KbQvm0BpQ+tbduabb9735ps3TuiqWBNdpowHMw9nH6XnMo+fPJ1fyC4+24uDbiRkTQRuEDUcO5au8mVNK+3KRhhJ23NcWXcO34z26z0ZxSrwd/VRKNue3fHVvhK2ZsrKLrXKylLbDUu3hIpErtWxPc+21Eq8amXzVKQkctPAnIA8Jl EOskO08A4BBLrwIOFDM3ZhI+avCROEkLk2+sxFjFSyL3GCDGu7nCU5w2b2kMcOr5oT1uf1qGacqAWf4vIfsTKHAn2nU7qhC/pKV/Tjn7X6SY2RlyOenbFWhtbC+xc7d/eqPJ41Dn6r/utZYx+biVfF3sOEGd1CjPW94w83O1vVQn+ZPtM1+/9El3TON/B7t+JLRVY/cvvNv5s9DfbWiyYVzcr rfKk0GD9EGi/xCivc7Q2U8BZl1PjUAYb4hrPUT6NgrBnFcaqRmjzec/wRxsYvX0+UYQ==</latexit><latexit sha1_base64="HhJls2U5tkIsGN9QaHGGnXr5U24=">AAACfXichVHPSxtBFP6ytTamrcb2UuwlNEQUJLyVgiIIgV56TKIxgSQsu 9MxDu4vdicBDULO/Qd66KmFBqSH+j948R/owT9BPCp4KbQvm0BpQ+tbduabb9735ps3TuiqWBNdpowHMw9nH6XnMo+fPJ1fyC4+24uDbiRkTQRuEDUcO5au8mVNK+3KRhhJ23NcWXcO34z26z0ZxSrwd/VRKNue3fHVvhK2ZsrKLrXKylLbDUu3hIpErtWxPc+21Eq8amXzVKQkctPAnIA8Jl EOskO08A4BBLrwIOFDM3ZhI+avCROEkLk2+sxFjFSyL3GCDGu7nCU5w2b2kMcOr5oT1uf1qGacqAWf4vIfsTKHAn2nU7qhC/pKV/Tjn7X6SY2RlyOenbFWhtbC+xc7d/eqPJ41Dn6r/utZYx+biVfF3sOEGd1CjPW94w83O1vVQn+ZPtM1+/9El3TON/B7t+JLRVY/cvvNv5s9DfbWiyYVzcr rfKk0GD9EGi/xCivc7Q2U8BZl1PjUAYb4hrPUT6NgrBnFcaqRmjzec/wRxsYvX0+UYQ==</latexit><latexit sha1_base64="HhJls2U5tkIsGN9QaHGGnXr5U24=">AAACfXichVHPSxtBFP6ytTamrcb2UuwlNEQUJLyVgiIIgV56TKIxgSQsu 9MxDu4vdicBDULO/Qd66KmFBqSH+j948R/owT9BPCp4KbQvm0BpQ+tbduabb9735ps3TuiqWBNdpowHMw9nH6XnMo+fPJ1fyC4+24uDbiRkTQRuEDUcO5au8mVNK+3KRhhJ23NcWXcO34z26z0ZxSrwd/VRKNue3fHVvhK2ZsrKLrXKylLbDUu3hIpErtWxPc+21Eq8amXzVKQkctPAnIA8Jl EOskO08A4BBLrwIOFDM3ZhI+avCROEkLk2+sxFjFSyL3GCDGu7nCU5w2b2kMcOr5oT1uf1qGacqAWf4vIfsTKHAn2nU7qhC/pKV/Tjn7X6SY2RlyOenbFWhtbC+xc7d/eqPJ41Dn6r/utZYx+biVfF3sOEGd1CjPW94w83O1vVQn+ZPtM1+/9El3TON/B7t+JLRVY/cvvNv5s9DfbWiyYVzcr rfKk0GD9EGi/xCivc7Q2U8BZl1PjUAYb4hrPUT6NgrBnFcaqRmjzec/wRxsYvX0+UYQ==</latexit><latexit sha1_base64="HhJls2U5tkIsGN9QaHGGnXr5U24=">AAACfXichVHPSxtBFP6ytTamrcb2UuwlNEQUJLyVgiIIgV56TKIxgSQsu 9MxDu4vdicBDULO/Qd66KmFBqSH+j948R/owT9BPCp4KbQvm0BpQ+tbduabb9735ps3TuiqWBNdpowHMw9nH6XnMo+fPJ1fyC4+24uDbiRkTQRuEDUcO5au8mVNK+3KRhhJ23NcWXcO34z26z0ZxSrwd/VRKNue3fHVvhK2ZsrKLrXKylLbDUu3hIpErtWxPc+21Eq8amXzVKQkctPAnIA8Jl EOskO08A4BBLrwIOFDM3ZhI+avCROEkLk2+sxFjFSyL3GCDGu7nCU5w2b2kMcOr5oT1uf1qGacqAWf4vIfsTKHAn2nU7qhC/pKV/Tjn7X6SY2RlyOenbFWhtbC+xc7d/eqPJ41Dn6r/utZYx+biVfF3sOEGd1CjPW94w83O1vVQn+ZPtM1+/9El3TON/B7t+JLRVY/cvvNv5s9DfbWiyYVzcr rfKk0GD9EGi/xCivc7Q2U8BZl1PjUAYb4hrPUT6NgrBnFcaqRmjzec/wRxsYvX0+UYQ==</latexit>
T = (T1(s), T2(t))
<latexit sha1_base64="I/vvQ/+oYAT+yqgyHBX/0bSTN4k=">AAACdHichVHLSsNAFD2N72erbgRdFEulBQk3IiiCUHDj0ke rgkpI4qjBNAnJtKJFcO0PuBAXCiriZ7jxB1z4CeKyohsX3qYFUVFvyMyZM/fcOXPH9B07lESPMaWpuaW1rb2js6u7pzee6OtfDr1SYImC5TlesGoaoXBsVxSkLR2x6gfCKJqOWDF3Z2v7K2URhLbn5uW+LzaKxrZrb9mWIZnSE335mUxe1zJhdiyvj2dkNqsnUqRS FMmfQGuAFBox7yWusI5NeLBQQhECLiRjBwZC/taggeAzt4EKcwEjO9oXOEQna0ucJTjDYHaXx21erTVYl9e1mmGktvgUh/+AlUmk6YFuqEr3dEtP9P5rrUpUo+Zln2ezrhW+Hj8eXHr7V1XkWWLnU/WnZ4ktTEVebfbuR0ztFlZdXz44qS5NL6Yro3RBz+z/nB7p jm/gll+sywWxeMrt1743+ydYHlc1UrWFiVQud1R/iHYMYQQZ7vYkcpjDPAp86h7OcIXr2KsyrKSUdD1ViTUebwBfQlE/AOkZjxo=</latexit><latexit sha1_base64="I/vvQ/+oYAT+yqgyHBX/0bSTN4k=">AAACdHichVHLSsNAFD2N72erbgRdFEulBQk3IiiCUHDj0ke rgkpI4qjBNAnJtKJFcO0PuBAXCiriZ7jxB1z4CeKyohsX3qYFUVFvyMyZM/fcOXPH9B07lESPMaWpuaW1rb2js6u7pzee6OtfDr1SYImC5TlesGoaoXBsVxSkLR2x6gfCKJqOWDF3Z2v7K2URhLbn5uW+LzaKxrZrb9mWIZnSE335mUxe1zJhdiyvj2dkNqsnUqRS FMmfQGuAFBox7yWusI5NeLBQQhECLiRjBwZC/taggeAzt4EKcwEjO9oXOEQna0ucJTjDYHaXx21erTVYl9e1mmGktvgUh/+AlUmk6YFuqEr3dEtP9P5rrUpUo+Zln2ezrhW+Hj8eXHr7V1XkWWLnU/WnZ4ktTEVebfbuR0ztFlZdXz44qS5NL6Yro3RBz+z/nB7p jm/gll+sywWxeMrt1743+ydYHlc1UrWFiVQud1R/iHYMYQQZ7vYkcpjDPAp86h7OcIXr2KsyrKSUdD1ViTUebwBfQlE/AOkZjxo=</latexit><latexit sha1_base64="I/vvQ/+oYAT+yqgyHBX/0bSTN4k=">AAACdHichVHLSsNAFD2N72erbgRdFEulBQk3IiiCUHDj0ke rgkpI4qjBNAnJtKJFcO0PuBAXCiriZ7jxB1z4CeKyohsX3qYFUVFvyMyZM/fcOXPH9B07lESPMaWpuaW1rb2js6u7pzee6OtfDr1SYImC5TlesGoaoXBsVxSkLR2x6gfCKJqOWDF3Z2v7K2URhLbn5uW+LzaKxrZrb9mWIZnSE335mUxe1zJhdiyvj2dkNqsnUqRS FMmfQGuAFBox7yWusI5NeLBQQhECLiRjBwZC/taggeAzt4EKcwEjO9oXOEQna0ucJTjDYHaXx21erTVYl9e1mmGktvgUh/+AlUmk6YFuqEr3dEtP9P5rrUpUo+Zln2ezrhW+Hj8eXHr7V1XkWWLnU/WnZ4ktTEVebfbuR0ztFlZdXz44qS5NL6Yro3RBz+z/nB7p jm/gll+sywWxeMrt1743+ydYHlc1UrWFiVQud1R/iHYMYQQZ7vYkcpjDPAp86h7OcIXr2KsyrKSUdD1ViTUebwBfQlE/AOkZjxo=</latexit><latexit sha1_base64="I/vvQ/+oYAT+yqgyHBX/0bSTN4k=">AAACdHichVHLSsNAFD2N72erbgRdFEulBQk3IiiCUHDj0ke rgkpI4qjBNAnJtKJFcO0PuBAXCiriZ7jxB1z4CeKyohsX3qYFUVFvyMyZM/fcOXPH9B07lESPMaWpuaW1rb2js6u7pzee6OtfDr1SYImC5TlesGoaoXBsVxSkLR2x6gfCKJqOWDF3Z2v7K2URhLbn5uW+LzaKxrZrb9mWIZnSE335mUxe1zJhdiyvj2dkNqsnUqRS FMmfQGuAFBox7yWusI5NeLBQQhECLiRjBwZC/taggeAzt4EKcwEjO9oXOEQna0ucJTjDYHaXx21erTVYl9e1mmGktvgUh/+AlUmk6YFuqEr3dEtP9P5rrUpUo+Zln2ezrhW+Hj8eXHr7V1XkWWLnU/WnZ4ktTEVebfbuR0ztFlZdXz44qS5NL6Yro3RBz+z/nB7p jm/gll+sywWxeMrt1743+ydYHlc1UrWFiVQud1R/iHYMYQQZ7vYkcpjDPAp86h7OcIXr2KsyrKSUdD1ViTUebwBfQlE/AOkZjxo=</latexit>
z = e x
1 ix2
<latexit sha1_base64="4UVcDEjmtAKnYncqfV3mxPQcQo4=">AAACfnichVG7SgNBFD2u72eiNoJNMCg2iXdFUAQhYGPpKyq oCbvrqIP7YncTTJaAtv6AhZWCitjoN9j4AxZ+glgq2Fh4swmIinqHmbn3zD13ztzRXVP6AdFjg9LY1NzS2tbe0dnV3ROL9/at+E7BM0TWcEzHW9M1X5jSFtlABqZYcz2hWbopVvW92er5alF4vnTs5aDkik1L27HltjS0gKF8fLA8E254VkJUcmFqP6emokhW9nPj lXw8SWmKLPHTUetOEnWbd+IX2MAWHBgowIKAjYB9Exp8HutQQXAZ20TImMeejM4FKuhgboGzBGdojO7xusPReh21Oa7W9CO2wbeYPD1mJjBMD3RFL3RP1/RE77/WCqMaVS0l3vUaV7j52NHA0tu/LIv3ALufrD81B9jGVKRVsnY3QqqvMGr8Yvn4ZWl6cTgcoTN6 Zv2n9Eh3/AK7+GqcL4jFE26/+r3ZP52V8bRKaXVhIpnJHNQ+og2DGMIod3sSGcxhHlm+9RCXuMGtAmVESSljtVSlof55/fhiytQHodSUCQ==</latexit><latexit sha1_base64="4UVcDEjmtAKnYncqfV3mxPQcQo4=">AAACfnichVG7SgNBFD2u72eiNoJNMCg2iXdFUAQhYGPpKyq oCbvrqIP7YncTTJaAtv6AhZWCitjoN9j4AxZ+glgq2Fh4swmIinqHmbn3zD13ztzRXVP6AdFjg9LY1NzS2tbe0dnV3ROL9/at+E7BM0TWcEzHW9M1X5jSFtlABqZYcz2hWbopVvW92er5alF4vnTs5aDkik1L27HltjS0gKF8fLA8E254VkJUcmFqP6emokhW9nPj lXw8SWmKLPHTUetOEnWbd+IX2MAWHBgowIKAjYB9Exp8HutQQXAZ20TImMeejM4FKuhgboGzBGdojO7xusPReh21Oa7W9CO2wbeYPD1mJjBMD3RFL3RP1/RE77/WCqMaVS0l3vUaV7j52NHA0tu/LIv3ALufrD81B9jGVKRVsnY3QqqvMGr8Yvn4ZWl6cTgcoTN6 Zv2n9Eh3/AK7+GqcL4jFE26/+r3ZP52V8bRKaXVhIpnJHNQ+og2DGMIod3sSGcxhHlm+9RCXuMGtAmVESSljtVSlof55/fhiytQHodSUCQ==</latexit><latexit sha1_base64="4UVcDEjmtAKnYncqfV3mxPQcQo4=">AAACfnichVG7SgNBFD2u72eiNoJNMCg2iXdFUAQhYGPpKyq oCbvrqIP7YncTTJaAtv6AhZWCitjoN9j4AxZ+glgq2Fh4swmIinqHmbn3zD13ztzRXVP6AdFjg9LY1NzS2tbe0dnV3ROL9/at+E7BM0TWcEzHW9M1X5jSFtlABqZYcz2hWbopVvW92er5alF4vnTs5aDkik1L27HltjS0gKF8fLA8E254VkJUcmFqP6emokhW9nPj lXw8SWmKLPHTUetOEnWbd+IX2MAWHBgowIKAjYB9Exp8HutQQXAZ20TImMeejM4FKuhgboGzBGdojO7xusPReh21Oa7W9CO2wbeYPD1mJjBMD3RFL3RP1/RE77/WCqMaVS0l3vUaV7j52NHA0tu/LIv3ALufrD81B9jGVKRVsnY3QqqvMGr8Yvn4ZWl6cTgcoTN6 Zv2n9Eh3/AK7+GqcL4jFE26/+r3ZP52V8bRKaXVhIpnJHNQ+og2DGMIod3sSGcxhHlm+9RCXuMGtAmVESSljtVSlof55/fhiytQHodSUCQ==</latexit><latexit sha1_base64="4UVcDEjmtAKnYncqfV3mxPQcQo4=">AAACfnichVG7SgNBFD2u72eiNoJNMCg2iXdFUAQhYGPpKyq oCbvrqIP7YncTTJaAtv6AhZWCitjoN9j4AxZ+glgq2Fh4swmIinqHmbn3zD13ztzRXVP6AdFjg9LY1NzS2tbe0dnV3ROL9/at+E7BM0TWcEzHW9M1X5jSFtlABqZYcz2hWbopVvW92er5alF4vnTs5aDkik1L27HltjS0gKF8fLA8E254VkJUcmFqP6emokhW9nPj lXw8SWmKLPHTUetOEnWbd+IX2MAWHBgowIKAjYB9Exp8HutQQXAZ20TImMeejM4FKuhgboGzBGdojO7xusPReh21Oa7W9CO2wbeYPD1mJjBMD3RFL3RP1/RE77/WCqMaVS0l3vUaV7j52NHA0tu/LIv3ALufrD81B9jGVKRVsnY3QqqvMGr8Yvn4ZWl6cTgcoTN6 Zv2n9Eh3/AK7+GqcL4jFE26/+r3ZP52V8bRKaXVhIpnJHNQ+og2DGMIod3sSGcxhHlm+9RCXuMGtAmVESSljtVSlof55/fhiytQHodSUCQ==</latexit>
(x1, x2) = wi(z)
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Figure 1: Roadmap
changes. When the metric g is represented as g = λ2((dx1)2 + (dx2)2) for some positive
function λ in an isothermal coordinate, a geometric quantity is clearly represented, for
instance, the Gaussian curvature K of the surface satisfies K = −λ−2(∂21 + ∂22) log λ. Since
we are interested in vortex dynamics associated with the Killing vector field, it is necessary
to impose (4). For these reasons, the chart is needed to satisfy (2), (3) and (4) in order to
understand how geometric properties of the surface affect dynamics on the surface.
This paper is divided as follows. In Section 2, we provide a biholomorphic classification
of surfaces when a no-normal non-trivial Killing vector field exists. Such Killing vector field
is called as a hydrodynamic Killing vector field. We call such surfaces as Killing symmetric
surfaces. We will show the surfaces have non-negative Euler characteristic (Sec. 2.2) since
every hydrodynamic Killing vector field has only isolated centers (Sec. 2.1). From this
we can conclude the surfaces are classified into 11-types of Riemann surfaces (Prop. 2.3).
Since every hydrodynamic Killing vector field is conjugate to either the rotation or the
translation on a conformally flat surface (Sec. 2.3), we can divide Killing symmetric surfaces
into two types: those which has a hydrodynamic Killing vector field conjugate to the
rotation and the others. We call the former as rotationally symmetric surfaces and the
latter as translationally symmetric surfaces. In Sec. 3, we construct two special coordinate
on Killing symmetric surfaces. We introduce a polar coordinate and a cylindrical coordinate
on a rotationally symmetric surface by abstract way. After that we explicitly construct a
cylindrical coordinate on a rotationally symmetric surface (Sec. 3.2) and a translationally
symmetric surface (Sec. 3.3). One of our main contributions is this analytic construction of
a cylindrical coordinate. The basic idea is to establish a parametrization Πi along a geodesic
γi = {γ(s)}s orthogonal to arbitrary fixed hydrodynamic Killing vector field X and an orbit
of X, namely Πi(s, t) = Xt◦γi(s) for each type of Riemann surfaces given in Proposition 2.3
where Xt is the time t map of X. This idea comes in the theory of singular Riemannian
foliations. The task is to find a domain such that Πi is a diffeomorphism from the domain
to the whole space except for the singular point of X. Since the metric g is represented
as Π∗i g = |γ′i(0)|2ds2 + |X ◦ γi(s)|2dt2, taking a suitable coordinate transformation T given
in (3.2.5), we can show Σi := T ◦Π−1i is a cylindrical coordinate. See also Fig. 1. In Sec. 4,
we provide an analytic formula of a hydrodynamic Green’s function on a Killing symmetric
surface as the cylindrical coordinate representation in Σi. The hydrodynamic Green’s
function on non-compact surfaces is recently formulated by Raggazzo and Villioni [23].
In this paper, we follow the formulation. In Sec. 5, we apply these theoretical result to
fluid dynamics on surfaces. Especially, we characterize physical quantities such as the
speed and the pressure of a hydrodynamic Killing vector field X by the Gaussian curvature
of a surface as a steady solution of the Euler equations (Sec 5.1). Using the cylindrical
coordinate Σi, we can show the logarithm of the speed is equal to the convolution of a
hydrodynamic Green’s function and the Gaussian curvature up to a harmonic function
and that of the pressure is equal to twice that. Moreover, the similar relation holds for
a potential vector field on general curved surfaces (Sec. 5.2). Using the relation and the
analytic formula of a hydrodynamic Green’s function, an analytic formula of these physical
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quantities also can be obtained except for a harmonic part. In addition, we observe when the
curvature at a point increases, the speed of a hydrodynamic Killing vector field increases
but that of potential flow decrease. On the other hand, the pressure of both of these
vector fields increases. Though these vector fields are generalization of the uniform flow
in the plane, a difference of dynamics of them can be realized as propagation with the
curvature up. From this we can understand how the geometric properties of flow field
without point vortices affect the dynamics of the fluid flow. As an example of Killing
symmetric surfaces, we consider surfaces of revolution (Sec. 5.3). We can show that every
Killing symmetric surfaces isometrically embedded in the 3-dimensional Euclidean space
is isometric to a surface of revolution. This result contributes the problem in the Korn-
Poincare´ inequality [13]. Furthermore, the analytic formulae recently given by Green &
Marshall [7] and Dritschel & Boatto [4] are automatically derived by giving the generatrices.
In the last section, we summarize how to get the analytic formula of the hydrodynamic
Green’s function on every Killing symmetric surface.
2 Killing vector field
2.1 Basic notion
We follow the notation of [12]. In present paper, a surface (M, g) is a connected orientable
smooth Riemannian two-manifold with or without boundary. For a Cr-vector field X ∈
Xr(M)(r ≥ 1) and p ∈M , let Xt and X ′(p) denote time t map and the linearization of X
centered at p. Denote the set of all singular points and all periodic points of X by Sing(X)
and Per(X). X ∈ Xr(M)(r ≥ 1) is called a Killing vector field if LXg = 0 where LX is the
Lie derivative with respect to X. Here are some fundamental properties of a Killing vector
field.
Proposition 2.1. Let (M, g) be a surface. Assume a Killing vector field X ∈ Xr(M)(r ≥ 1)
such that Sing(X) 6= ∅. Then the following hold.
1. Either of the following properties is satisfied: X ≡ 0 or every singular point of X is
an isolated center.
2. If X 6≡ 0, there exists a periodic point of X. Moreover, for every p ∈ Sing(X), there
exists τ > 0 such that for every v ∈ TpM \ {0}, expp v ∈ Per(X) with period τ .
Proof. Suppose X 6≡ 0. Let us first show that p is a center. For each t ∈ R, the time t
map Xt is an isometry and induce the linear isometry (Xt)∗ : TpM → TpM since for each
Y1, Y2 ∈ TpM ,
gp(Y1, Y2) = X
∗
t gp(Y1, Y2) = gp((Xt)∗Y1, (Xt)∗Y2).
We thus conclude that (X•)∗ : t ∈ R → (Xt)∗ ∈ SO(2, TpM) is a Lie homomorphism.
Differentiating (X•)∗ at t = 0, the linearization X ′(p) is contained in the Lie algebra
so(2, TpM) of SO(2, TpM), which yields p is a center and all eigenvalues of X
′(p) are pure
imaginary numbers.
If X ′(p) has non-zero eigenvalues, p is an isolated center. Suppose an eigenvalue of
X ′(p) is zero, then X ′(p) is a nilpotent Lie algebra of dimension 2. Since both (Xt)∗(p) and
(X0)∗(p) are contained in SO(2, TpM) and (Xt)∗(p) = tX ′(p) + (X0)∗(p), we can assert
that X ′(p) = 0. This gives Xt = idM for each t ∈ R, which is due to the fact that isometries
of the surface are uniquely determined by its value and derivative at a single point (see,
for instance, [1]). Hence we conclude that X ′(p) is non-degenerate. This proves the first
statement.
It follows from the non-degeneracy of X ′(p) that {t > 0|(Xt)∗ = idTpM} is a discrete set.
Denoting the minimum of the discrete set by τ , we apply the naturality of the exponential
map (see Proposition 5.9 in [12]) to
Xτ ◦ expp v = expXτ (p)((Xτ )∗v) = expp v,
which completes the proof.
4
2.2 Classification of surfaces with a non-trivial Killing vector
field
When there is a non-trivial Killing vector field, the Euler characteristic of the surface M ,
denoted by χ(M), is restricted.
Proposition 2.2. Let (M, g) be a surface. Suppose the existence of a Killing vector field
X ∈ Xr(M)(r ≥ 1) such that X 6≡ 0. Then χ(M) ≥ 0.
Proof. If M is compact, we obtain
2 ≥ χ(M) = #Sing(X) ≥ 0
by Proposition 2.1 and Poincare´-Hopf Theorem. Equivalently, there is no non-trivial Killing
vector field on every compact surface with the negative Euler characteristic. When M is
non-compact, we will prove that every Killing vector field X on M satisfies X ≡ 0 assuming
χ(M) < 0. By the monotonicity of the Euler characteristic (see also Remark 1), we can
take a compact subsurface M0 ⊂ M such that χ(M0) < 0. We see X|M0 is also a Killing
vector field on M0 from LX|M0 g|M0 = LXg = 0. As χ(M0) is negative we deduce X|M0 ≡ 0,
which gives X ≡ 0 by Proposition 2.1 since there is a singular point of X to be not isolated
on M0.
X ∈ Xr(M)(r ≥ 1) is called a hydrodynamic Killing vector field if X is a no-normal
non-trivial Killing vector field, that is, X satisfies (i)LXg = 0, (ii)X 6≡ 0, (iii) ∀p ∈ ∂M ,
X(p) ∈ Tp∂M (no-normal condition). The no-normal condition means that the vector field
does not penetrate the boundary. In order for a hydrodynamic Killing vector field to be
a steady solution of the Euler equation we impose this boundary condition. A surface
(M, g) is called Killing symmetric if there exists a hydrodynamic Killing vector field on the
surface. We proceed to classify Killing symmetric surfaces into the conformal conjugacy
classes. For general references on conformal geometry and complex analysis on Riemann
surfaces, see, e.g., [12, 6]. We define a complex structure J on a surface (M, g) by the
dual J : TM → TM of Hodge-star operator ∗ associated with the metric g, namely,
Jv = (∗v[)] where [ and ] are the musical isomorphism associated with g. Note that J
rotates vectors by pi/2. Then (M,J ) is an exceptional Riemann surface by Proposition 2.2.
By the uniformization theorem, there exists a biholomorphic map from the Riemann surface
(M,J ) to a flat surface Mflat, which has been classified into the following 11 types (see
for instance [6], IV.6.1 for surfaces without boundary and [9], Th.0.1 for surfaces with
boundary).
Proposition 2.3. Let (M, g) be a Killing symmetric surface with the complex structure J .
Then M is biholomorphic to either of the following Riemann surfaces.
(0) the Riemann sphere S = C ∪ {+∞},
(1) the unit disc D = {z ∈ C||z| ≤ 1},
(2) an annulus Aρ = {z ∈ C| ρ ≤ |z| ≤ 1} with the modulus ρ,
(3) a torus Tρ = C∗/(∃n ∈ Z, z = ρnw) with the modulus ρ,
(4) the complex plane C,
(5) the open disc D = {z ∈ C||z| < 1},
(6) the punctured plane C∗ = C \ {0},
(7) the punctured open disc D∗ = {z ∈ C| 0 < |z| < 1},
(8) an open annulus A = {z ∈ C| ρ < |z| < 1} with the modulus ρ,
(9) the punctured disc D∗ = {z ∈ C| 0 < |z| ≤ 1},
(10) a semi-annulus Aρ = {z ∈ C| ρ < |z| ≤ 1} with the modulus ρ,
(11) the strip S = D \ {1,−1},
(12) the semi-strip S′ = D \ {z ∈ C| |z| = 1 and Im z ≤ 0}.
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We can identify S and S′ with {w ∈ C| 0 ≤ Rew ≤ pi} and {w ∈ C| 0 ≤ Rew < pi} by
the biholomorphism S : z 7→ w = −√−1 log{√−1(1− z)/(1 + z)}.
Remark 1. Under the assumptions for surfaces, we can deduce every surface in this paper
is second countable by Rado theorem thanks to the existence of the complex structure,
which is derived from the orientability and the Riemannian metric of the surface. Thus
we can define the genus and the number of connected component of the boundary ends
of the surface (see, for instance, [22]). This gives the Euler characteristic of non-compact
surfaces in the same manner for compact surfaces. Moreover, if there exists a hydrodynamic
Killing vector field on a surface, we can deduce that the surface is finite topological type
by Proposition 2.3 (see, for instance, [23]).
Definition 2.4. A surface is said to satisfy the condition Si(i = 0, 1, . . . , 12) if there exists
a hydrodynamic Killing vector field and the surface is biholomorphic to the i-th Riemann
surface (i = 0, 1, . . . , 12) in Proposition 2.3.
2.3 Classification of hydrodynamic Killing vector fields
In this subsection, we show that hydrodynamic Killing vector fields can be classified into
two types: rotation and translation. To this end, we review the notion of uniformizing map.
For a surface (M, g) and its biholomorphic surface Mflat, a diffeomorphism f : M → Mflat
is called uniformizing map if there exists a positive function λ ∈ C∞(Mflat) such that
(f−1)∗g = λ2gflat where gflat is a constant curvature metric on Mflat. We can obtain the
existence of a uniformizing map from a biholomorphic map. Especially, when a surface
(M, g) is Killing symmetric, a diffeomorphism f : M →Mflat is a uniformizing map if and
only if (f−1)∗g = λ2|dz|2 for some positive function λ ∈ C∞(Mflat) where z is the canonical
complex coordinate on Mflat given in Proposition 2.3. First observe the induced vector field
c∗X ∈ Xr(Mflat) by a uniformizing map c : M →Mflat.
Proposition 2.5. Let (M, g) satisfy the condition Si(i = 0, 1, . . . , 12). Fix a hydrodynamic
Killing vector field X ∈ Xr(M)(r ≥ 1). Then there exists a uniformizing map c : M →Mflat
and µ ∈ C such that
(c∗X)t(z) =

[eµtz], if i = 3,
z + µt, if i = 4, 5 with Per(X) = ∅ or if i = 11, 12,
eµtz, otherwize,
where [w] denotes a representative of Tρ for each w ∈ C∗ and we identify S, S′ and D with
{z ∈ C| 0 ≤ Re z ≤ pi}, {z ∈ C| 0 ≤ Re z < pi} and {z ∈ C| 0 < Re z < pi} when i = 11, 12
and when i = 5 with Per(X) = ∅.
Proof. For each uniformizing map c : M → Mflat, (c∗X)• : t ∈ R → (c∗X)t ∈ Aut(Mflat)
is a conformal R-action, which is represented as a Mo¨bius transformation. From the clas-
sification of Mo¨bius transformations (see, for instance, [6]), we obtain a uniformizing map
c : M →Mflat and a smooth function a : t ∈ R→ a(t) ∈ C such that
(c∗X)t(z) =

[a(t)z], if i = 3,
z + a(t), if i = 4, 5 with Per(X) = ∅ or if i = 11, 12,
a(t)z, otherwize.
where
a(0) =
{
0, if i = 4, 5 with Per(X) = ∅ or if i = 11, 12,
1, otherwize
from (c∗X)0(z) = z. Since for each s, t ∈ R,
(c∗X)t+s(z) = c ◦Xt ◦ c−1 ◦ c ◦Xs ◦ c−1(z)
=
{
z + a(t) + a(s), if i = 4, 5 with Per(X) = ∅ or if i = 11, 12,
a(t)a(s)z, otherwize,
defining µ by µ = a′(0), we can deduce the formula.
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Let us categorize hydrodynamic Killing vector fields into two types according to the
existence or non-existence of a periodic point. When there exists a periodic point p of X
with a period τ > 0, c(p) ∈ Per(c∗X) with the same period τ . It follows from c(p) 6= 0 that
1 =
{
[eµτ ], if i = 3,
eµτ , otherwize,
hence that µ ∈ iR \ {0} and τ = 2pii/µ.
Corollary 2.6. Let (M, g) satisfy the condition Si(i = 0, 1, . . . , 12). Fix a hydrodynamic
Killing vector field X ∈ Xr(M)(r ≥ 1). Suppose there exists a periodic point of X. Denote
the period by τ > 0. Then there exists a uniformizing map c : M →Mflat such that
(c∗X)t(z) =
{
[e2piit/τz], if i = 3,
e2piit/τz, otherwize.
In particular, every point of M \ Sing(X) is a periodic point with the same period τ and X
generates an isometric S1-action.
Definition 2.7. A hydrodynamic Killing vector field X ∈ Xr(M)(r ≥ 1) is called rotational
if there exists a periodic point of X. A surface is called rotationally symmetric if there exists
a hydrodynamic Killing vector field X ∈ Xr(M)(r ≥ 1) such that X is rotational.
By Proposition 2.1, if there is a singular point of a hydrodynamic Killing vector field on
a surface, the surface is rotationally symmetric. It is immediate from Proposition 2.2 that if
the Euler characteristic of a compact Killing symmetric surface is positive, it is rotationally
symmetric, which satisfies the condition Si(i = 0, 1). When a surface satisfies the condition
Si(i = 2, 5, 7, 8, 9, 10), each of hydrodynamic Killing vector fields preserves {|z| = 1}, which
gives the existence of a periodic point.
Corollary 2.8. If a surface satisfies the condition Si(i = 0, 1, . . . , 12) except for i =
3, 4, 5, 6, 11, 12, every hydrodynamic Killing vector field on the surface is rotational.
Similarly, we can conclude that if a surface is rotational symmetric, the surface sat-
isfies the condition Si(i = 0, 1, . . . , 10). When a surface satisfies the condition Si(i =
3, 4, 5, 6, 11, 12), there is a hydrodynamic Killing vector field X ∈ Xr(M)(r ≥ 1) such that
it has no periodic point. Then, we can see X is conjugate to translation by Proposition 2.5.
Definition 2.9. A hydrodynamic Killing vector field X ∈ Xr(M)(r ≥ 1) is called transla-
tional if there exists no periodic point of X. A surface is called translationally symmetric
if there exists a hydrodynamic Killing vector field X ∈ Xr(M)(r ≥ 1) such that X is trans-
lational and the surface is not rotationally symmetric.
We can deduce that every Killing symmetric surface satisfying the condition S3 is rota-
tionally symmetric. To see this, take a hydrodynamic Killing vector field X ∈ Xr(M)(r ≥ 1)
such that X is translational. Then each of orbits of X are dense in Tρ since c∗X is an irra-
tional rotation. Xt is an isometry and preserves the Gaussian curvature K. By continuity
of K, K is constant on M , which implies that M is isometric to a flat torus (Tρ, gflat).
From this we can take a constant vector field with a rational rotation number instead of
X, which is also a hydrodynamic Killing vector field and rotational.
Corollary 2.10. If a surface satisfies the condition Si(i = 0, 1, . . . , 12) except for i =
4, 5, 6, 11, 12, the surface is rotationally symmetric. In particular, if a Killing symmetric
surface is not rotationally symmetric, the surface satisfies the condition either S4, S5, S6,
S11 or S12.
Remark 2. In general, it is non-trivial that a uniformizing map given by [9] can be smoothly
extended over the boundary as is a conformal homeomorphism. However, we can prove that
the uniformizing map given in Proposition 2.5 can be smoothly extended over the boundary.
To see this, let (M, g) be a Killing symmetric surface with boundary. Now, (M, g) satisfies
the condition Si(i = 1, 2, 9, 10, 11, 12). Fix a hydrodynamic Killing vector field X and the
uniformizing map c : M →Mflat given in Proposition 2.5. Let (Up, ϕp) and (U¯p, ϕ¯p) denote
a local coordinate centered at p ∈ ∂M and one extended by its mirror image into the lower
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half plane. We define an extended surface M¯ of M by M¯ := M ∪ ⋃p∈∂M U¯p. Let g¯ and
X¯ denote the extension of g and X on M¯ . Then X¯ is also a hydrodynamic Killing vector
field on (M¯, g¯). It is immediate that (M¯, g¯) satisfies the condition S5 for i = 1, 11, 12,
S7 for i = 9 and S8 for i = 2, 10. We can conclude that there is a uniformizing map
c¯ : (M¯, g¯)→ (M¯flat, g¯flat) given in Proposition 2.5 such that c = c¯|M : M →Mflat.
3 Polar and cylindrical coordinate
In this section, we introduce two kinds of uniformizing charts. A uniformizing map is not
always explicitly constructed as is theoretically useful. We first investigate a behavior of
a hydrodynamic Killing vector field in detail by using a uniformizing map. After that, we
construct a uniformizing chart by a computable way.
3.1 Abstract construction on rotationally symmetric surfaces
using the uniformization theorem
Our aim in this subsection is to show that each of rotationally symmetric surfaces is iso-
metric to an radially symmetric surface. The task is to find a uniformizing map which gives
its isometry. To this end, we introduce a coordinate defined on the whole surface.
Definition 3.1 (Polar coordinate). Let (M, g) be a rotationally symmetric surface. A
diffeomorphism ϕ : M → Mflat is called a polar coordinate with a positive function λ ∈
C∞(Mflat) if for each z ∈Mflat,
(ϕ−1)∗g = λ2|dz|2, λ(z) = λ(|z|).
Theorem 3.2. Let a surface (M, g) be rotationally symmetric. Then there exists a dif-
feomorphism c : M → Mflat and a positive function σ ∈ C∞(Mflat) such that c is a polar
coordinate with σ.
Proof. Fix a hydrodynamic Killing vector field X such that X is rotational. We have a
uniformizing map c : M → Mflat given in Corollary 2.6. Let σ be a positive function on
Mflat such that (c
−1)∗g = σ2|dz|2. It remains to prove that for each z ∈Mflat, σ(z) = σ(|z|).
First observe that for each t ∈ R,
(c−1)∗g = (c−1)∗X∗t g = (c∗X)
∗
t (c
−1)∗g
= (σ2 ◦ (c∗X)t)(c∗X)∗t |dz|2 = (σ2 ◦ (c∗X)t)|dz|2,
which yields σ = σ ◦ (c∗X)t. Taking t ∈ R with e2piit/τz = |z|, we conclude that
σ(z) = σ ◦ (c∗X)t(z) = σ(e2piit/τz) = σ(|z|).
From Theorem 3.2, we see that each of rotationally symmetric surfaces is isometric to an
radially symmetric surface (Mflat, λ
2|dz|2), λ(z) = λ(|z|) and its isometry is given as a polar
coordinate. This brings us a normal form for rotationally symmetric surfaces with respect
to the isometric class. In other words, we can assume that each of rotationally symmetric
surfaces is given as a form of an radially symmetric surface (Mflat, λ
2|dz|2) without loss of
generality owing to taking a polar coordinate since all Riemannian manifolds are identified
by isometries. This perspective is useful in establishing an analytic formula of a function
on the surface. The polar coordinate can not be defined on translationally symmetric
surfaces. To define a coordinate on both rotational and translationally symmetric surfaces,
we introduce another coordinate.
Definition 3.3. Let (M, g) be a rotationally symmetric surface. Fix a hydrodynamic Killing
vector field X such that X is rotational. A diffeomorphism ψ : M \ Sing(X)→ Ui is called
a cylindrical coordinate with a positive function ν ∈ C∞(Ui) if for each (x1, x2) ∈ Ui,
(ψ−1)∗g = ν2gSTD, ν(x
1, x2) = ν(x1, 0),
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where Ui is defined by
Ui :=

R× S1, if i = 0, 4, 6,
R≥0 × S1, if i = 1, 9,
[0, 2piA]× S1, if i = 2,
R2/(2piAZ⊕ (0, 2pi)Z), if i = 3,
R>0 × S1, if i = 5, 7,
(0, 2piA)× S1, if i = 8,
[0, 2piA)× S1, if i = 10,
with the modulus A of M , S1 = R/2piZ and gSTD = (dx1)2 + (dx2)2.
To derive a cylindrical coordinate from a polar coordinate, we define a conformal
mapping wi by wi : z ∈ Mflat \ {0,+∞} → (− log |z|, i log(z/|z|)) ∈ Ui. Note that
(w−1i )
∗|dz|2 = e−2x1gSTD from z = exp(−x1 − ix2).
Theorem 3.4. Let (M, g) be a rotationally symmetric surface and satisfy the condition
Si(i = 0, 1, . . . , 10). Fix a hydrodynamic Killing vector field X such that X is rotational
and a polar coordinate c : M → Mflat with σ. Then wi ◦ c|M\Sing(X) is a cylindrical
coordinate with a conformal factor σcyl ∈ Ui which satisfies σcyl(x1, x2) = σ(e−x1)e−x1 .
Proof. Denote C by C = wi ◦ c|M\Sing(X). Since C : (M \ Sing(X), g) → (Ui, gSTD) is a
conformal mapping, there exists a positive function σcyl ∈ C∞(Ui) such that (C−1)∗g =
σ2cylgSTD. We conclude from
(C−1)∗g = (w−1i )
∗(c−1)∗g = (σ2 ◦ w−1i )(w−1i )∗|dz|2 = σ2(e−x
1
)e−2x
1
gSTD,
hence that
σcyl(x
1, x2) = σ(e−x
1
)e−x
1
and finally that σcyl is independent of x
2.
Conversely, all cylindrical coordinates are given in the form wi ◦ c|M\Sing(X) for some
polar coordinate c.
Proposition 3.5. Let (M, g) be a rotationally symmetric surface and satisfy the condition
Si(i = 0, 1, . . . , 10). Fix a hydrodynamic Killing vector field X such that X is rotational
and a cylindrical coordinate C : (M \ Sing(X) → Ui. Then there exists a polar coordinate
c : M →Mflat such that C = wi ◦ c|M\Sing(X).
Proof. Fix a polar coordinate c˜ : M → Mflat with λ˜. We define a cylindrical coordinate
C˜ : M \Sing(X)→ Ui by C˜ := wi◦ c˜|M\Sing(X). We see w−1i ◦C ◦C˜−1◦wi : Mflat\{0,∞} →
Mflat \ {0,∞} is a conformal mapping and a Mo¨bius transformation which fix {0,∞} since
C ◦ C˜−1 : Ui → Ui and wi are that. Hence, there exists a ∈ C \ {0} such that
w−1i ◦ C ◦ C˜−1 ◦ wi(z) = az, z ∈Mflat \ {0,∞}.
f : Mflat →Mflat given by f(z) = az satisfies
w−1i ◦ C = f |Mflat\{0,∞} ◦ w−1i ◦ C˜ = f |Mflat\{0,∞} ◦ c˜|Mflat\{0,∞}.
We define c : M → Mflat by c := f ◦ c˜ and show it is the desired polar coordinate. By
definition, we have C = wi ◦ c|M\Sing(X) and
(c−1)∗g = (f−1)∗(c˜−1)∗g = |a|−2λ˜2(a−1z)|dz|2,
which proves the theorem.
Every cylindrical coordinate can not be defined at singular points of a hydrodynamic
Killing vector field. Such problem arises when a surface satisfies the condition Si(i =
0, 1, 4, 5). But the cylindrical coordinate can be conformally extended to the singular points
by the polar coordinate given in Proposition 3.5.
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3.2 Explicit construction on rotationally symmetric surfaces
using horizontal geodesics
Until now we construct a polar coordinate and a cylindrical coordinate based on the uni-
formization theorem. However, the uniformizing map is a hypothetical object and to estab-
lish it for an arbitrary given surface is possible but not probable. But then it is inevitable
to construct the uniformizing map explicitly for a given Killing symmetric surface in a
practical way when we perform a mathematical and numerical analysis on the surface. To
this end, we introduce a geodesic in a Killing symmetric surface.
Definition 3.6 (horizontal geodesic). Let (M, g) be a Killing symmetric surface. Fix a
hydrodynamic Killing vector field X and o ∈ M \ Sing(X). A curve γ on M \ Sing(X) is
called a horizontal geodesic based at o if go(X(o), γ
′(0)) = 0 and γ(s) = expo(sγ
′(0)) for
each s ∈ I, where
I =
⋃
{ J | 0 ∈ Jand {γ(s)}s∈J is a horizontal geodesic based at o } .
By the existence and uniqueness of geodesics (see, for instance, Theorem 4.10 in [12]),
for every o ∈ M \ Sing(X) and every tangent vector orthogonal to X(o), there exists a
horizontal geodesic based at o and its domain is uniquely determined. We can see that
every horizontal geodesic γ is orthogonal to the hydrodynamic Killing vector field at not
only base point o but also each point of γ.
Proposition 3.7. Let (M, g) be a Killing symmetric surface. Fix a hydrodynamic Killing
vector field X and o ∈ M \ Sing(X). Let γ = {γ(s)}s∈I ⊂ M \ Sing(X) be a horizontal
geodesic based at o. Then for every s ∈ I,
gγ(s)(X ◦ γ(s), γ′(s)) = 0.
In particular, for every s ∈ I, 〈X ◦ γ(s), γ′(s)〉 is a orthogonal basis of Tγ(s)M .
Proof. The proof is based on the following observation.
0 = (LXg)(γ′(s), γ′(s)) = g(∇γ′(s)X, γ′(s)) + g(γ′(s),∇γ′(s)X) = 2 d
ds
gγ(s)(X ◦ γ(s), γ′(s)),
which yields gγ(s)(X ◦ γ(s), γ′(s)) = go(X(o), γ′(0)) = 0. If γ(s) 6∈ Sing(X), then we have
X ◦ γ(s) 6= 0 and |γ(s)| = |γ(0)| 6= 0 from Gauss Lemma, which is our claim.
Remark 3. Proposition 3.7 is not new in the theory of singular Riemannian foliations. It
is known as the fact that the homogeneous foliation given by a Killing vector field on a
Riemannian manifold is transnormal and hence a singular Riemannian foliation (see, for
instance, [1]).
We now consider to establish a cylindrical coordinate on rotationally symmetric surfaces
by using horizontal geodesics. After that, we define a cylindrical coordinate on translation-
ally symmetric surfaces and construct it in the similar manner. All horizontal geodesics can
be obtained by solving geodesic equations, which are ordinary differential equations. In this
sense, we can construct it in a practical way. The basic idea of the construction is to take a
parametrization Π : (s, t) ∈ I × (R/τZ)→ Xt ◦ γ(s) ∈M . We can not obtain a cylindrical
coordinate directly from Π. Nevertheless, after a certain change of coordinates, we get a
cylindrical coordinate since the pullback metric Π∗g is a warped product metric. In this
procedure, we are left with the task of showing that Π is a diffeomorphism to M \Sing(X).
We first examine the behavior of horizontal geodesics in a polar coordinate.
Proposition 3.8. Let (M, g) be a rotationally symmetric surface and satisfy the condition
Si(i = 0, 1, . . . , 10). Fix a hydrodynamic Killing vector field X such that X is rotational
and o ∈ M \ Sing(X). Let γ = {γ(s)}s∈I be a horizontal geodesic based at o. Then there
exists a polar coordinate c : M → Mflat with σ such that c ◦ γ : I → {z ∈ Mflat|Im z =
0 and Re z > 0} is a diffeomorphism.
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Proof. We can choose a polar coordinate c with σ such that c(o) ∈ {z ∈ Mflat|Im z =
0 and Re z > 0} without loss of generality. Since every isometry takes geodesics to geodesics
(see Proposition 5.6 (c) in [12]), it follows that c ◦ γ is a geodesic in (Mflat, σ2|dz|2). We
write c(o) = (c1(o), 0) and c∗γ′(0) = (c∗γ′)1(0)∂1 +(c∗γ′)2(0)∂2 by identifying (x1, x2) ∈ R2
with x1 + ix2 ∈ C. We have c∗γ′(0) ∈ 〈∂/∂x1〉, because it holds that (c∗γ′)2(0) = 0 from
0 = go(X(o), γ
′(0)) = ((c−1)∗g)(c∗X(o), c∗γ
′(0))
= σ2|dz|2
(
2pi
τ
c1(o)∂2, (c∗γ
′)1(0)∂1 + (c∗γ
′)2(0)∂2
)
= (c∗γ
′)2(0)
2pi
τ
c1(o)σ.
We define γ¯ : s ∈ (−ε, ε)→ (γ¯1(s), 0) ∈Mflat by
γ¯1i (s) = c1(o) +
∫ s
0
[
(c∗γ
′)−11 (0) +
∫ s1
0
∂ log σ
∂x1
(γ¯(s2))ds2
]−1
ds1,
where ε > 0 satisfies for every s1 ∈ (−ε, ε),
(c∗γ
′)−11 (0) +
∫ s1
0
∂ log σ
∂x1
(γ¯(s2))ds2 6= 0.
We next show that γ¯ corresponds to a geodesic in (Mflat, σ
2|dz|2) with initial point γ¯(0) =
c(o) and initial velocity γ¯′(0) = c∗γ′(0) and hence that γ¯ = c ◦ γ|(−ε,ε) by the uniqueness
of geodesics. Let ∇¯ denote the Levi-Civita connection on (Mflat, σ2|dz|2). It is sufficient to
prove that ∇¯γ¯ γ¯ = 0, which is equivalent to that for each j-th component of γ¯i(s), denoted
by γ¯ji (s),
d2γ¯ji (s)
ds2
+
∑
kl
Γjkl
dγ¯ki (s)
ds
dγ¯li(s)
ds
= 0, (3.2.1)
where Γjkl is the connection coefficient of ∇¯. Note that Γjkl now satisfies that
Γ111 = −Γ122 = Γ212 = Γ221 = ∂ log σ(γ¯
1(s), 0)
∂x1
, (3.2.2)
Γ222 = −Γ211 = Γ112 = Γ121 = ∂ log σ(γ¯
1(s), 0)
∂x2
= 0,
(see, for instance, [23]). We can rewrite (3.2.1) from (3.2.2) as follows:
d2γ¯1(s)
ds2
+
∂ log σ
∂x1
[(
dγ¯1(s)
ds
)2
−
(
dγ¯2(s)
ds
)2]
= 0, (3.2.3)
d2γ¯2(s)
ds2
+ 2
∂ log σ
∂x1
dγ¯1(s)
ds
dγ¯2(s)
ds
= 0, (3.2.4)
It is easy to check γ¯ji (s) satisfies both (3.2.3) and (3.2.4) by definition.
Repeating this argument for each s ∈ I, we deduce that {s ∈ I|c ◦ γ(s) ∈ {z ∈
Mflat|Im z = 0 and Re z > 0}} is a non-empty open subset of I. We conclude from the
maximality and the connectivity of I that for every s ∈ I, c ◦ γ(s) ∈ {z ∈ Mflat|Im z =
0 and Re z > 0}} and finally that c ◦ γ : I → {z ∈ Mflat|Imz = 0} ∪ {+∞} is a diffeomor-
phism.
Hereafter, fix oi ∈ M \ Sing(X) and a horizontal geodesic γi = {expoi(sγ′i(0))}s∈Ii
based at oi when a surface (M, g) is rotationally symmetric and satisfies the condition
Si(i = 0, 1, . . . , 10) except for i = 3. For i = 3, fix o3 ∈ M \ Sing(X) and a horizontal
geodesic γ3 = {expo3(sγ′3(0))}s∈I3 where I3 = [0,min{s > 0|γ3(s) ∈ {Xt(o3)}t∈[0,τ)}).
Using a polar coordinate c given in Proposition 3.8, we define a cylindrical coordinate C
by C := wi ◦ c|M\Sing(X). We now consider the behavior of γi in the cylindrical coordinate.
For each i = 0, 1, . . . , 10, we define L−i ≤ 0 and L+i ≥ 0 by L−i = inf Ii and L+i = sup Ii.
We can see that C ◦ γ : Ii → {(x1, x2) ∈ Ui|x2 = 0} is a diffeomorphism by definition.
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Corollary 3.9. Let (M, g) be a rotationally symmetric surface and satisfy the condition
Si(i = 0, 1, . . . , 10). Fix a hydrodynamic Killing vector field X such that X is rotational and
oi ∈M\Sing(X). Let γi = {γi(s)}s∈Ii be a horizontal geodesic based at oi. Then there exists
a cylindrical coordinate C : M\Sing(X)→ Ui such that C◦γi : Ii → {(x1, x2) ∈ Ui|x2 ∈ τZ}
is a diffeomorphism.
We next introduce a domain Vi which satisfies that the map (s, t) ∈ Vi → Xt ◦ γi(s) ∈
M \ Sing(X), denoted by Πi, is a diffeomorphism as follows:
Vi :=
{
R2/Λ, if i = 3,
Ii × R/τZ, otherwise,
where the lattice Λ is defined by Λ := (L+3 , ø)Z⊕ (0, τ)Z with ø ∈ [0, τ) satisfying Xø(o3) =
γ3(L
+
3 ).
Proposition 3.10. Πi : Vi →M \ Sing(X) is a diffeomorphism for each i = 0, 1, . . . , 10.
Proof. Using C ◦ Πi = (C∗X)t ◦ C ◦ γi, it follows from Corollary 3.9 that Πi is a home-
omorphism for each i = 0, 1, . . . , 10 except for i = 3. We proceed to show that Π3 is
well-defined independently of the choice of the representative of R2/Λ. Equivalently, defin-
ing Π¯3 by Π¯3 : (s, t) ∈ R2 → Xt ◦ γ3(s) ∈ M , we only need to show that Π¯3(s, t) =
Π¯3(s+ n1L
+
3 , t+ n1ø + n2τ) for every (s, t) ∈ R, (n1, n2) ∈ Z2. Let us apply the naturality
of the exponential map, the uniqueness of geodesics and γ′3(0) = (Xø)∗γ
′
3(L
+
3 ) to
o3 = Xø ◦ expo3 L+3 γ′3(0) = Xø ◦ expXø◦γ3(L+3 ) (L
+
3 (Xø)∗γ
′
3(L
+
3 ))
= Xø ◦Xø ◦ expγ3(L+3 ) (L
+
3 γ
′
3(L
+
3 )) = X2ø ◦ γ3(2L+3 ).
Now we can prove inductively that for every n ∈ Z, o3 = Xnø ◦ γ3(nL+3 ) and hence γ′3(0) =
(Xnø)∗γ′3(nL
+
3 ), which implies
Π¯3(s, t) = Xt ◦ expo3(sγ′3(0)) = Xt ◦ expXn1ø◦γ3(n1L+3 )(s(Xn1ø)∗γ
′
3(n1L
+
3 ))
= Xt ◦Xn1ø ◦ expγ3(n1L+3 )(sγ
′
3(n1L
+
3 )) = Xt+n1ø+n2τ ◦ expo3((s+ n1L+3 )γ′3(0))
= Π¯3(s+ n1L
+
3 , t+ n1ø + n2τ).
Since I3×(R/τZ) is a fundamental region of R2/Λ, Corollary 3.9 shows that Π3 : R2/Λ→M
is a homeomorphism.
We finally show that Πi is a locally diffeomorphism for each i = 0, 1, . . . , 10. By the in-
verse mapping theorem, the proof is completed by showing that rank (Πi)∗(s, t) = dimM =
2 for every (s, t). Considering
(Πi)∗
(
∂
∂t
)
= X ◦Xt ◦ γ(s) = (Xt)∗ ◦ (X−t)∗ ◦X ◦Xt ◦ γ(s) = (Xt)∗ ◦X ◦ γ(s)
and using (Πi)∗(∂/∂s) = (Xt)∗γ′(s), we can conclude rank Π∗(s, t) = 2 from Proposition
3.7 since (Xt)∗ is invertible.
Proposition 3.7 implies that Π∗i g is a warped product metric.
Lemma 3.11. For each i = 0, 1, . . . , 10,
Π∗i g = |γ′i(0)|2ds2 + |X ◦ γi(s)|2dt2.
Proof. The proof is straightforward. By Gauss Lemma, we see that
g (∂s, ∂s) = g(γ
′
i(s), γ
′
i(s)) = |γ′i(0)|2.
As Xt preserves the metric we have
g (∂t, ∂t) = (Xt)
∗g(X ◦ γi(s), X ◦ γi(s))) = |X ◦ γi(s)|2
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and
g (∂s, ∂t) = (Xt)
∗g(γ′i(s), X ◦ γi(s)) = g(γ′i(s), X ◦ γi(s)) = 0
from Proposition 3.7. We thus get
Π∗i g = g(∂s, ∂s)ds
2 + 2g(∂s, ∂t)dsdt+ 2g(∂t, ∂t)dt
2 = |γ′i(0)|2ds2 + |X ◦ γi(s)|2dt2.
We next derive a conformal representation of g from Π∗i g. For this purpose, we set
T : (s, t) ∈ Vi → (T1(s), T2(t)) ∈ T (Vi),
T1(s) =
∫ s
L−i
2pi
τ
|γ′(0)|
|X ◦ γ(u)|du, T2(t) =
2pi
τ
t, (3.2.5)
where T (Vi) = T1(Ii)×S1 for i = 0, 1, . . . , 10 except for i = 3 and T (V3) = R2/(T (L+3 , ø)Z⊕
(0, 2pi)Z). T is a diffeomorphism since both T1 and T2 are strictly monotone increasing. We
define Σi : M \ Sing(X)→ T (Vi) by Σi := T ◦Π−1i and define a positive function, denoted
by σi ∈ C∞(T (Vi)), as
σi =
τ
2pi
|X ◦ γi ◦ T−1|.
By definition, we now deduce that Σi is a diffeomorphism and σi(x
1, x2) = σi(x
1, 0) for
every (x1, x2) ∈ T (Vi).
Theorem 3.12. Let (M, g) be a rotationally symmetric surface and satisfy the condition
Si(i = 0, 1, . . . , 10). Then T (Vi) = Ui and Σi is a cylindrical coordinate with σi.
Proof. What is left is to show that (Σ−1i )
∗g = σ2i gSTD and T (Vi) = Ui. From Lemma 3.11,
it follows that
(Σ−1i )
∗g = (T−1)∗Π∗i g = (T
−1)∗(σ2i ◦ T ((dT1)2 + (dT2)2)) = σ2i gSTD.
Using a cylindrical coordinate C : M \ Sing(X)→ Ui, we have T (Vi) = Ui since C ◦ Σ−1i :
T (Vi)→ Ui is a conformal mapping.
3.3 Cylindrical coordinate on translationally symmetric sur-
faces
In this section, we establish a cylindrical coordinate on translationally symmetric surfaces
by a horizontal geodesic.
Definition 3.13. Let a surface (M, g) be translationally symmetric. Fix a hydrodynamic
Killing vector field X such that X is translational. A diffeomorphism ψ : M → U˜i is called
a cylindrical coordinate with a conformal factor µ ∈ C∞(U˜i) if
(ψ−1)∗g = µ2gSTD, µ(x
1, x2) = µ(x1, 0),
where U˜i is defined by
U˜i :=

R2, if i = 4,
(0, pi)× R, if i = 5,
S1 × R, if i = 6,
[0, pi]× R, if i = 11,
[0, pi)× R, if i = 12.
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Owing to the non-existence of a singular point of a translational vector field, a cylindrical
coordinate can be defined on the whole surface. We can construct a cylindrical coordinate
on a translationally symmetric surface in a simmilar manner as in the case of rotationally
symmetric surfaces. Let us fix o˜i ∈ M and a horizontal geodesic γ˜i = {expo˜i(sγ˜′i(0))}s∈I˜i
based at o˜i when a surface (M, g) is translationally symmetric and satisfies the condition
Si(i = 4, 6). To introduce a map (s, t) 7→ Xt ◦ γ˜i(s) ∈M , we define V˜i by
V˜i :=
{
I˜i × R, if i = 4, 5, 11, 12,
(R/L˜+6 Z)× R, if i = 6,
where L˜+6 = min{s > 0|γ3(s) ∈ {Xt(o˜3)}t∈R}. Let us denote by Π˜i the map (s, t) ∈ V˜i →
Xt ◦ γ˜i(s) ∈M . In the same manner we can show Π˜i is a diffeomorphism and
Π˜∗i g = |γ˜′i(0)|2ds2 + |X ◦ γ˜i(s)|2dt2.
We define T˜ by
T˜ : (s, t) ∈ V˜i → (T˜1(s), T˜2(t)) ∈ T˜ (V˜i),
T˜1(s) =
∫ s
L−i
|γ˜′i(0)|
|X ◦ γ˜i(u)|du, T˜2(t) = t,
where T˜ (V˜i) = T˜1(I˜i)×R, L˜−i = inf I˜i for i = 4, 5, 11, 12, T˜ (V˜6) = S1×R, and L˜−6 = 0. Using
these functions, we can obtain a cylindrical coordinate Σ˜i := T˜ ◦ Π˜−1i with σ˜i ∈ C∞(T˜ (V˜i))
where
σ˜i = |X ◦ γ˜i ◦ T˜−1|.
4 Hydrodynamic Green’s function
In this section, we derive an analytic formula of a hydrodynamic Green’s function on a
Killing symmetric surface. The Green’s function is recently formulated on a non-compact
surface by Ragazzo & Viglioni [23]. We follow the formulation of this Green’s function.
4.1 General formulation
A function GH ∈ C∞(M ×M \ ∆) on a surface (M, g) is called a hydrodynamic Green
function if for each x, x0 ∈M ,
−4gGH(x, x0) =
{
δ(x;x0)− 1/|M |, if M is a closed surface,
δ(x;x0), otherwise,
GH(x, x0) = GH(x0, x),
∂τGH = 0, on ∂M,
in the distribution sense where ∆, 4g, δ(x;x0), |M | and ∂τ denote the diagonal set, the
Laplace-Beltrami operator, the delta function at x0 ∈M , the area of M and the directional
derivative in the tangential direction of the boundary. To impose boundary conditions at
boundaries and ends, we review the notion of ends. For details see [23]. An end of a surface
is defined as an unbounded connected component of the complement of a compact subset.
Thanks to the uniformization theorem, we can classify ends of a topologically finite surface
into two types: parabolic ends and hyperbolic ends, which are conformal to a punctured
disc and an annulus. The ends are corresponding to {z = 0} in the punctured disc and
{|z| = 1} in the annulus. Ragazzo and Viglioni [23] introduce a hydrodynamic Green’s
function GH on a topological finite surface such that GH is simple at each parabolic end
and constant at each hyperbolic end, namely, on uniformizing punctured disc {0 < |z| < 1},
lim
|z|→0
GH(z, z0)− Γ
2pi
log |z| = constant,
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where Γ is the circulation of GH around the end and on uniformizing punctured disc {ρ <
|z| < 1},
lim
|z|→1
GH(z, z0) = constant.
The circulation
∫ − ∗ dGH is vanished around all ends except for an arbitrary chosen end,
called the external end. The circulation around the external end is equal to 1.
To derive an analytic formula of this Green’s function on a Killing symmetric surface,
we provide the following observation. If a Killing symmetric surface M is not closed, or
equivalently if M satisfies the condition Si(i = 0, 1, . . . , 10) except for i = 0, 3, GH is
consisted of only the fundamental solution, namely GH = Φ. Then it is known that GH is
conformally invariant thanks to the conformal invariance of Φ (see, for instance, [23]). If M
is a closed Killing symmetric surface, or equivalently if M satisfies the condition Si(i = 0, 3),
GH divided into two parts: the fundamental solution Φ for the Laplace-Beltrami operator;
the metric potential V . In other words, Φi and V satisfy
−4gΦ = δx0 , −4gV = −1,
which gives GH(x, x0) = Φ(x, x0)+V (x)/|M |+V (x0)/|M |. GH is not conformally invariant
because of the fact that V is determined by the conformal factor, which makes it difficult
to construct an analytic formula of GH . But GH is isometrically invariant, which follows
from the commutativity of the Laplace-Beltrami operator and the pullback of isometries.
Proposition 4.1. Let (Nk, hk)(k = 1, 2) be surfaces. Suppose (N1, h1) is isometric to
(N2, h2). Let φ : (N1, h1)→ (N2, h2) be an isometry and let G2 be a hydrodynamic Green’s
function on N2. Define G1 ∈ C∞(N1 × N1 \ ∆) by G1 := (φ × φ)∗G2 where φ × φ is
the product map φ × φ : (x, x0) ∈ N1 × N1 → (φ(x), φ(x0)) ∈ N2 × N2. Then, G1 is a
hydrodynamic Green’s function on N1.
4.2 Analytic formula of the Green’s function
We first derive the polar-coordinate representation of a hydrodynamic Green’s function on
a rotationally symmetric surface, which is equivalent to one on a radially symmetric surface
(Mflat, σ
2|dz|2), σ(z) = σ(|z|). Next, we provide the cylindrical-coordinate representation
by the coordinate transformation wi. Note that the cylindrical-coordinate representation
on a translationally symmetric surface is corresponding to that on a rotationally symmetric
surface thanks to the conformal invariance of GH .
Definition 4.2. Let a surface (M, g) satisfy the condition Si(i = 0, 1, . . . , 10) except for
i = 0, 3. Fix a uniformizing map c : M →Mflat and Γend ∈ R. Define Pi ∈ C∞(Mflat) and
Φi,Gi ∈ C∞(Mflat ×Mflat \∆) by
Pi(z) =

1− z, if i = 1, 4, 5, 6, 7, 9, 11, 12,
(1− z)
∏
n≥1
(1− ρnz) (1− ρnz−1) , if i = 2, 8, 10,
Φi(z, z0) =

− 1
2pi
[log |z0Pi(z/z0)| − log |Pi(zz¯0)|] , if i = 1, 2, 5, 8, 10,
− 1
2pi
log |z0Pi(z/z0)| , if i = 4,
− 1
2pi
[log |z0Pi(z/z0)| − Γend log |zz0|] , if i = 6,
− 1
2pi
[log |z0Pi(z/z0)| − log |Pi(zz¯0)| − Γend log |zz0|] , if i = 7, 9,
− 1
2pi
[
log |z0Pi(z/z0)| − log |Pi(zz¯0)| − 2ΓendIm log
(
− (1− z)(1− z0)
(1 + z)(1 + z0)
)]
, if i = 11, 12,
and Gi = Φi.
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Note that we can use a polar coordinate for surfaces satisfying the condition Si(i =
1, 2 . . . , 10) and a cylindrical coordinate for surfaces satisfying the condition Si(i = 11, 12)
as an analytic uniformizing map in order to represent the Green’s function. Pi is known
as the Schottky-Klein prime function [3]. Our notation is slightly different from that of [3]
owing to the different fundamental domain.
Definition 4.3. Let a surface (M, g) satisfy the condition Si(i = 0, 3). Fix a polar co-
ordinate c : M → Mflat and the universal covering pi : M¯flat → Mflat. Define Pi ∈
C∞(M¯flat \ {0,∞}), Φi ∈ C∞((M¯flat \ {0,∞}) × (M¯flat \ {0,∞}) \ ∆), E ∈ C∞(R),
V ∈ C∞(M¯flat \ {0,∞}) and Gi ∈ C∞((M¯flat \ {0,∞})× (M¯flat \ {0,∞}) \∆) by
Pi(z) =

1− z, if i = 0,
(1− z)
∏
n≥1
(1− ρnz) (1− ρnz−1) , if i = 3,
Φi(z, z0) =

− 1
2pi
[
log |z0P0(z/z0)| − 1
2
log |zz0|
]
, if i = 0,
− 1
2pi
[
log |z0P3(z/z0)| − log |z| log |z0|
log ρ
]
, if i = 3,
E(u1) =
∫ u1
1
u2σ
2(u2)du2, V (z) =
∫ |z|
1
u−11 E(u1)du1
and
Gi(z, z0) = Φi(z, z0) + V (z)/|M |+ V (z0)/|M |.
It is non-trivial Gi can be defined on Mflat ×Mflat \∆ though it is smoothly defined on
(M¯flat \ {0,∞}) × (M¯flat \ {0,∞}). It is immediate that M¯flat = Mflat = S2 if i = 0 and
M¯flat = C∗ if i = 3. Thus, it remains to prove that G0 is smooth at (0,∞) and (∞, 0) and
that G3 is well-defined independently of a choice of a representative of Mflat ×Mflat \∆.
Proposition 4.4. For each i = 0, 1, . . . , 12, Gi is a hydrodynamic Green’s function on
(Mflat, σ
2|dz|2).
Proof. When M satisfies the condition Si(i = 0, 1, . . . , 10) except for i = 0, 3, it is easy to
check that Gi satisfies the definition of the Green’s function. Notice that∫
{|z|=1}
− ∗ dGi(z, z0) =
{
1, if i = 1, 2, 4, 5, 8, 10, 11, 12,
1− Γend, if i = 6, 7, 9,
and if i = 6, 7, 9, for sufficiently small ε > 0,∫
{|z|=ε}
− ∗ dGi(z, z0) = Γend,
where {|z| = ε} is clockwise oriented. Especially, G1 and G2 are known as hydrodynamic
Green’s functions on Mflat [3]. What is left is to show it for i = 0, 3. After proving the
well-definedness of Gi, we will check Gi is satisfied with the definition of the hydrodynamic
Green’s function.
We now show that G0 can be smoothly extended to Mflat ×Mflat \∆. We are reduced
to proving G0 is smooth at z = 0 since Φ0 and V are invariant under z 7→ z¯−1, which gives
E(0) = −E(∞). From
|M | =
∫
Mflat
σ2(z)dzdz¯ = 2pi
∫ ∞
0
u2σ
2(u2)du2 = 2pi(−E(0) + E(∞)) = −4piE(0),
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it follows that
V (z)
|M | =
1
|M |
∫ |z|
1
u−11 (E(0) + E(u1)− E(0))du1
= − 1
4pi
log |z|+ 1|M |
∫ |z|
1
u−11 (E(u1)− E(0))du1.
Applying Taylor’s formula to E(u1)−E(0)/u1 at u1 = 0, we check at once the smoothness
of G0.
Our next claim is that G3 is well-defined, or equivalently for every k, k0 ∈ Z and every
z, z0 ∈Mflat, G3(ρkz, ρk0z0) = G3(z, z0). We can easily show by induction that
V (ρkz) = −
(
k log |z|+ k(k − 1)
2
log |ρ|
)
E(− log |ρ|) + V (z),
log |P3(ρkz)| = −k log |z| − k(k − 1)
2
log |ρ|+ log |P3(z)|
and hence
Φ3(ρ
kz, ρk0z0) = − 1
2pi
[
−k log |z| − k0 log |z0| − k
2 + k20 − k − k0
2
log |ρ|
]
+ Φ3(z, z0),
which imply G3(ρkz, ρk0z0) = G3(z, z0).
We proceed to show Φi(i = 0, 3) and V are satisfied with
−4gΦi(x, x0) = δ(x;x0), −4gV (x) = −1.
This gives −4gGi(z, z0) = δ(z; z0)− 1/|M |. On account of the fact that 4g and dVolg on
(Mflat, σ
2|dz|2) are represented by
4g = 4σ−2∂z∂z¯, dVolg = (1/4)σ2dz ∧ dz¯,
we see that for every test function ϕ ∈ C∞0 (Mflat),
〈−4gΦi, ϕ〉 =
〈
4g
(
1
2pi
log |z − z0|
)
, ϕ
〉
=
∫
Mflat
σ−2
(
∂z∂z¯
1
2pi
log |z − z0|
)
ϕ(x)σ2dzdz¯
= ϕ(x0) = 〈δ(x;x0), ϕ〉
and
−4gV (x) = −4σ−2∂z∂z¯V (z) = −σ−2
(
d2
d|z|2 +
1
|z|
d
d|z|
)
V (z) = −1.
As a corollary, we conclude that (c × c)∗Gi is a hydrodynamic Green’s function on M
with the polar coordinate c. Finally, we derive a cylindrical-coordinate representation of
a hydrodynamic Green’s function on M from Gi and Σi : M \ Sing(X) → Ui for each
i = 0, 1, . . . , 12). From Proposition 3.5, we can take the polar coordinate c : M → Mflat
such that Σi = wi ◦ c|M\Sing(X). By using the transition map wi from c|M\Sing(X) to Σi,
we obtain a cylindrical-coordinate representation Gi:
Gi(x, x0) =
{
Φi(z, z0) + Vi(x)/|M |+ Vi(x0)/|M |, if i = 0, 3,
Φi(z, z0), otherwise,
where z = exp(x1 + ix2), z0 = exp(x
1
0 + ix
2
0). Ei ∈ C∞(R) and Vi ∈ C∞(Ui) are the
cylindrical-coordinate representation of E and V for i = 0, 3:
Ei(u1) =
∫ u1
0
σ2i (u2, 0)du2, Vi(x) =
∫ x1
0
Ei(u1, 0)du1.
For translationally symmetric surfaces, we can obtain the same representation by replacing
Σi with Σ˜i.
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5 Applications
5.1 Physical interpretation of Killing vector field
We have investigated geometric properties of hydrodynamic Killing vector fields on a sur-
face. In this section, we consider a physical interpretation of these properties in terms of
two-dimensional incompressible and inviscid fluid flows. Especially, we examine a relation
between the Gaussian curvature and some physical quantities such as the speed, the vor-
ticity and the pressure of a hydrodynamic Killing vector field. The crucial fact is that the
Gaussian curvature K on a surface (M, g) satisfies
K = −4g log λ
on an isothermal coordinate with a conformal factor λ. When a surface (M, g) is rotation-
ally symmetric and satisfies the condition Si(i = 0, 1, . . . , 10), the cylindrical coordinate
Σi : M \ Sing(X) → Ui associated with a hydrodynamic Killing vector field X is an
isothermal coordinate with the conformal factor σi. Taking the coordinate transformation
(x1, x2) 7→ ((τ/2pi)x1, (τ/2pi)x2), we can obtain an isothermal coordinate with the confor-
mal factor given by (2pi/τ)σi = |X|. We denote this coordinate by (τ/2pi)Σi. We see that
X is represented as X = ∂2 on (τ/2pi)Σi. In the same manner, we obtain an isothermal
coordinate with the conformal factor |X| for translationally symmetric surfaces. It follows
that −4g log |X| = K.
Let us examine a relation between the curvature and the pressure of a hydrodynamic
Killing vector field. The velocity v and the pressure p of an incompressible and inviscid
fluid flow with constant density ρ0 on a surface are determined by the Euler equations [25]:
∂tv +∇vv = − 1
ρ0
grad p, div v = 0, (5.1.1)
where ∇, grad and div are the covariant derivative, gradient and divergence with respect
to the metric g [25]. It is known that a Killing vector field is a steady solution of (5.1.1)
and the pressure p(X) satisfies
p(X)− p0(X) = ρ0
2
|X|2, (5.1.2)
for some constant p0(X) (see, for instance, [25]). We have thus proved the following.
Proposition 5.1. If X is a hydrodynamic Killing vector field on a surface (M, g), the speed
|X| and the pressure p(X) on M \ Sing(X) satisfies
−4g log |X| = K, (5.1.3)
−4g log(p(X)− p0(X)) = 2K. (5.1.4)
We call (5.1.3) and (5.1.4) as the curvature-speed formula and the curvature-pressure for-
mula for X.
We proceed to observe a relation between the vorticity of a hydrodynamic Killing vector
field and the curvature. In general, the vorticity ω of a vector field v ∈ Xr(M)(r ≥ 1) on
a surface (M, g) is defined by ωdVolg = dv
[, where v[ is the velocity form g(v, ·). On an
isothermal coordinate (x1, x2) with a conformal factor λ, ω of a vector field v = v1∂1 +v
2∂2
is represented as
ω = λ−2
{
∂1(λ
2v2)− ∂2(λ2v1)
}
. (5.1.5)
Applying (5.1.5) to the vorticity ω of X on (τ/2pi)Σi, we have
ω = ∂1 log |X|2. (5.1.6)
From this we conclude dω = ∂21 log |X|dx1 = |X|2Kdx1. By the continuity of K, we can
see that K(p) = 0 for p ∈ Sing(X) if the vorticity is constant. Summarizing, we have a
necessary and sufficient condition for the vorticity to be constant.
18
Proposition 5.2. The vorticity of a hydrodynamic Killing vector field on a surface is
constant if and only if the Gaussian curvature of the surface is constant zero.
By using these formulae, we consider a physical interpretation of the cylindrical coor-
dinate. The conformal factor of the cylindrical coordinate and the square are equivalent to
the speed and the pressure of the Killing vector field up to some constants. The vertical
and horizontal axis of the cylindrical coordinate are corresponding to a contour curve of
these physical quantities and an orbit of gradient flow of them.
5.2 Potential flows on general curved surfaces
In previous section, we observe some relations between the Gaussian curvature, the speed,
the pressure and the vorticity of the Killing vector field and derive some formulae. In this
section, comparing the Killing vector field with a potential flow on a surface, we generalize
these formulae. A potential flow is another generalization of the uniform flow. A Cr-vector
field Xirr on a surface (M, g) is called irrotational if the vorticity of Xirr is vanished. By
definition, the velocity form X[irr is a closed 1-form. An irrotational vector field Xpot is
called potential if the velocity form is an exact 1-form. For a potential vector field Xpot,
there exists a function φ such that X[pot = dφ, called a velocity potential. In particular, it
holds that Xpot = gradφ. Assuming the existence of the stream function ψ for Xpot, we
have
X[pot = dφ = − ∗ dψ,
In a complex coordinate (z), dφ and − ∗ dψ are represented as
dφ = ∂zφdz + ∂z¯φdz¯, − ∗ dψ = i∂zψdz − i∂z¯ψdz¯,
owing to ∗dz = −idz. From this, we conclude that φ + iψ is a holomorphic function on
M , hence that ψ is a harmonic conjugate of φ from 4g = d ∗ d. If |Xpot| 6= 0, since g and
4g are represented by g = λ2dzdz¯ and 4g = 4λ−2∂z∂z¯ for some positive function λ in the
coordinate, we obtain
|Xpot|2 = g(gradφ, gradφ) = 4λ−2∂zφ∂z¯φ,
which gives
−4g log |Xpot| = 4g log λ− 1
2
(4g log ∂zφ−4g log ∂z¯φ) = −K.
In order for the potential vector field to be a steady solution of the Euler equations, we
assume that the velocity potential φ is a non-constant harmonic function whose flux
∫ ∗dφ
vanishes across all dividing cycles. Due to the fact that the pressure p(Xpot) satisfies
p(Xpot)− p0(Xpot) = −ρ0
2
|Xpot|2, (5.2.7)
for some constant p0(Xpot) (see, for instance, [25]). In the same manner, we have the
curvature-pressure formula for the potential vector field.
Proposition 5.3. If Xpot is a potential vector field on a surface (M, g), the speed |Xpot|
and the pressure p(Xpot) on M \ Sing(Xpot) satisfies
−4g log |Xpot| = −K, (5.2.8)
−4g log(p0(Xpot)− p(Xpot)) = −2K. (5.2.9)
We call (5.2.8) and (5.2.9) as the curvature-speed formula and the curvature-pressure for-
mula for Xpot.
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Since the curvature-speed formula and the curvature-pressure formula are the Poisson
equation associated with a source term K, we obtain
|X| =
{
exp(GH ∗K + h), if X is a hydrodynamic Killing vector field,
exp(−GH ∗K + hpot), if X is a potential vector field
and
p(X) =
{
p0(X) + exp(2GH ∗K + h), if X is a hydrodynamic Killig vector field,
p0(X)− exp(−2GH ∗K + 2hpot), if X is a potential vector field,
for some harmonic function h, hpot where GH ∗K is the convolution of the Green’s function
and the curvature. By these formulae, the analytic formula of a hydrodynamic Green’s
function on a Killing symmetric surface derived in Section 4 can be applied to get that of
these physical quantities.
We proceed to compare dynamical properties of hydrodynamic Killing vector field with
that of a potential vector field. Though both of them are a generalization of the uniform
flow, their dynamics are qualitatively different. We note that if a hydrodynamic Killing
vector field is potential, its speed is nonzero constant by (5.1.6). Thus it is equivalent to the
uniform flow. Next, we consider the differences in their dynamics from the viewpoint of the
relationship between the pressure and the speed. (5.2.7) corresponds to a generalization
of Bernoulli’s Theorem for potential flow in the plane and (5.1.2) is its analogue. In both
cases, the pressure is directly proportional to the kinetic energy. But the proportionality
constant is positive for the hydrodynamic Killing vector field as is negative for the potential
vector field. Let us examine how these physical quantities vary with the curvature at a point
p. For ease of exposition, discretizing the surface, we assume the curvature K is given by
K(p) =
∑
pk:vertex
K(pk)δ(p; pk).
Then we have
GH ∗K(p) =
∑
pk:vertex
K(pk)GH(p, pk).
Without loss of generality, we can assume GH(p, pk) > 0. When we increasing K(pk), the
speed at p of the hydrodynamic Killing vector field also increase but that of the potential
vector field decrease. In contrast, the pressure of them increases.
5.3 Surface of revolution
As an example, we introduce a cylindrical-coordinate representation of a hydrodynamic
Green’s function on a surface of revolution. A surface of revolution (M, g) created by a
generatrix {(R1(θ), R2(θ))}θ∈I ⊂ R2 is defined by an isometric embedding
i : (θ, φ) ∈ I × R/2piZ→ (R1(θ) cosφ,R1(θ) sinφ,R2(θ)) ∈ E3,
where I is a connected one-dimensional manifold. Without loss of generality, we assume
that there is r > 0 such that for every θ ∈ I, (R′1(θ))2 + (R′2(θ))2 = r2 owing to the arc
length parametrization. The metric g = i∗gE3 is represented as
i∗gE3 = ((R
′
1)
2 + (R′2)
2)dθ2 + (R1)
2dφ2 = r2dθ2 + (R1)
2dφ2.
From this we conclude that X = ∂φ is a hydrodynamic Killing vector field such that X
is rotational with period τ = 2pi, and hence that the surface of revolution is a Killing
symmetric surface. Conversely, we can prove that an isometrically embedded rotationally
symmetric surface in the 3-dimensional Euclidean space is a surface of revolution.
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Proposition 5.4. If a rotationally symmetric surface (M, g) is isometrically Cr-embedded
in E3 (r ≥ 1) by i : (M, g)→ E3 and if there exists a killing vector field X¯ on E3 such that
X := i∗X¯ is a hydrodynamic Killing vector field on (M, g) and rotational, the surface is
isometric to a surface of revolution. In particular, its induced vector field by the isometric
embedding is a rotation around some axis in E3.
Proof. The proof is based on the following observation. Let us consider the homogeneous
foliation given by X¯. It is a singular Riemannian foliation and a horizontal geodesic through
x ∈ E3 is given by a line {x + tv|t ∈ R} where v ∈ TxE3 \ {0} and gE3(X¯(x), v) = 0
since the orientation preserving isometric group of E3, denoted by SE(3), is isomorphic
to R3 × SO(3) and an isometric action on E3 is a composition of a rotation around some
axis and a translation along it owing to linear algebra. From this we deduce that the
plane pi(x) = {x + tv|t ∈ R, v ∈ TxE3, gE3(X¯(x), v) = 0} is perpendicular to X¯. Fix a
horizontal geodesic γ = {γ(s)}s∈I on M \ Sing(X) based at o ∈M \ Sing(X). Since i is an
angle-preserving map, i(γ) is perpendicular to X¯ and contained in pi(x).
Since X generates an isometric S1-action, X¯ is a generator of a rotation around some
axis. Taking an isometry in E3 if necessary, we can assume the axis is corresponding to
x3-axis. Hence we conclude that i(M) is a surface of revolution created by the generatrix
i(γ).
From the proof of Proposition 5.4 a generatrix through o = (R1(0), 0, R2(0)) ∈ E3 of a
surface of revolution is corresponding to a horizontal geodesic {γ(θ) = (R1(θ), 0, R2(θ))}θ∈I ,
which yields |γ′(0)| = r and |X ◦ γ(θ)| = R1(θ). Consequently,
x1 = T1(θ) =
∫ θ
0
r
R1(u)
du, x2 = T2(φ) = φ.
This gives
Ei(u1) =
∫ u1
0
rR1(u2)du2, Vi(x) =
∫ x1
0
(∫ u1
0
rR1(u2)du2
)
r
R1(u1)
du1
for each i = 0, 3. The modulus ρ and the area |M | are written as
ρ = exp(−T1(2pi)) = exp
(
−
∫ 2pi
0
r
R1(u1)
du1
)
, |M | =
∫ 2pi
0
∫ 2pi
0
rR1(θ)dθdφ = 2pir
∫ 2pi
0
R1(θ)dθ.
6 Summary
We summarize how to derive the analytic formula of the hydrodynamic Green’s function
on a given surface (M, g) with a hydrodynamic Killing vector field X. We first define
the cylindrical coordinate Σi : M \ Sing(X)→ Ui in the following manner. Determine the
condition Si(i = 0, 1, . . . , 12) which M satisfies. For ease of exposition, we only consider the
case when the Killing vector field has a periodic point. Even if not, we can obtain it in the
similar manner. Fix oi ∈M \ Sing(X) and obtain the horizontal geodesic γi = {γi(s)}s∈Ii
based at oi on M \Sing(X) by solving geodesic equations where I3 = [0,min{s > 0|γ3(s) ∈
{Xt(o3)}t∈[0,τ)}). Define L−i ≤ 0 and L+i ≥ 0 by L−i = inf Ii and L+i = sup Ii. Let
Πi be a parametrization Πi : (s, t) ∈ Vi → Xt ◦ γi(s) ∈ M \ Sing(X) with Vi satisfying
Vi = R2/(L+3 , ø)Z ⊕ (0, τ)Z if i = 3, Vi = Ii × R/τZ otherwise where Xø(o3) = γ3(L+3 ).
Using the function T (3.2.5), we obtain the cylindrical coordinate Σi = T ◦ Π−1i with
σi = (τ/2pi)|X ◦ γi ◦ T−1|.
We can get the cylindrical-coordinate representation of the hydrodynamic Green’s func-
tion by calculating σi and applying it to the following formulae. For each p, p0 ∈ M \
Sing(X), write x = (x1, x2) = Σi(p), x0 = (x
1
0, x
2
0) = Σi(p0), z = exp(−x1 − ix2) and
z0 = exp(−x10 − ix20). With the notations
Pi(z) =

1− z, if i = 0, 1, 4, 5, 6, 7, 9,
(1− z)
∏
n≥1
(1− ρnz) (1− ρnz−1) , if i = 2, 3, 8, 10, 11, 12,
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Φi(z, z0) =

− 1
2pi
[
log |z0Pi(z/z0)| − 1
2
log |zz0|
]
, if i = 0,
− 1
2pi
[log |z0Pi(z/z0)| − log |Pi(zz¯0)|] , if i = 1, 2, 5, 8, 10,
− 1
2pi
[
log |z0Pi(z/z0)| − log |z| log |z0|
log ρ
]
, if i = 3,
− 1
2pi
log |z0Pi(z/z0)| , if i = 4,
− 1
2pi
[log |z0Pi(z/z0)| − Γend log |zz0|] , if i = 6,
− 1
2pi
[log |z0Pi(z/z0)| − log |Pi(zz¯0)| − Γend log |zz0|] , if i = 7, 9,
− 1
2pi
[
log |z0Pi(z/z0)| − log |Pi(zz¯0)| − 2ΓendIm log
(
− (1− z)(1− z0)
(1 + z)(1 + z0)
)]
, if i = 11, 12,
and
Ei(u1) =
∫ u1
0
( τ
2pi
|X ◦ γi ◦ T−1(u2, 0)|
)2
du2, Vi(x) =
∫ x1
0
Ei(u1, 0)du1, for i = 0, 3,
we have the desired representation as follows:
Gi(x, x0) =
{
Φi(z, z0) + Vi(x)/|M |+ Vi(x0)/|M |, if i = 0, 3,
Φi(z, z0), otherwise.
Surface Plane Sphere Hyperbolic Disc Flat torus Surface of Revolution
Conformal factor e−x
1 2e−x
1
1+Ke−2x1
2e−x
1
1+Ke−2x1
1 R1 ◦ T−11 (x1)
Previous research [18] [4, 10, 11, 18], [10, 18] [29] [4, 7, 8, 26, 17, 28]
Table 1: Positions of previous researches about analytic formulae of the Green’s function. K is
the Gaussian curvature.
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